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1 Introduction

Plasmas and magnetic fields are inseparably related in
numerous physical circumstances. This is not only the
case in natural ocurring plasmas like the solar corona
and the earth magnetic tail, but also in laboratory plas-
mas like tokamaks and stellarators.
A high-temperature plasma can not be contained by the
material walls of a vessel but only by strong magnetic
fields. The resulting Lorentz forces will tie the particles
to the magnetic field and will force them to follow the
field lines. To a first approximation plasma confinement
means confinement of magnetic field lines. Such con-
fined fields are necessarily curved and inhomogeneous
and provide the geometrical shape of the plasma. They
also dominate its physical behaviour.
The cross-section of Coulomb collisions is a strongly de-
creasing function of the energy of the interacting parti-
cles. Therefore, the mean free paths of charged particles
in a high-temperature fusion device are very long and
the particles will trace out their trajectories over the
spatial size of the confining magnetic field before they
are swept out of their orbits by collisions. Therefore,
collisional dissipation will be very weak in these high-
temperature plasmas. In the limit of zero dissipation,
a number of plasma quantities will be conserved during
the motion of the system. An important conservation
law in this ideal limit is the conservation of magnetic
flux.

Magnetic field lines and the conservation of magnetic
fluxes are the subjects of this lecture. Since magnetic
fields are globally divergence-free, their spatial struc-
ture can be described in terms of field lines, which are
curves in space that are everywhere tangent to the field
and whose density represents the strength of the mag-
netic field. However, this description of the geometrical
structure of the field holds only at any instant of time.
The question is if we can associate with the magnetic
field a velocity field such that the time evolution of the
magnetic field can be described in terms of a continu-

ous motion of field lines.
This concept of a flux conserving flow of field lines will
be discussed in the next Section. It will be shown that
this concept breaks down at magnetic nulls, points or
lines where the magnetic field vanishes, and at closed
magnetic field lines. At these geometrical positions flux
conservation can be violated and field lines can loose
their identity. There, reconnection processes can take
place which change the global topology of the magnetic
field. Magnetic nulls where the total field vanishes, do
occur in space plasmas like the geomagnetic tail and
possibly also in solar coronal loops. In fusion devices
with strong externally applied magnetic fields, like toka-
maks and stellarators, such 3D nulls do not occur. In
the approximation of closed and nested magnetic flux
surfaces, however, closed magnetic field lines are dense
in these systems.
Flux conserving flows of field lines will be discussed
in the next Section. This concept has been treated by
Newcomb [1]; a concise review has been given by Greene
[2]. In Section 3 we will discuss a few properties of
magnetic nulls. Analogously to particle orbits in phase
space, the spatial pattern of magnetic field lines can be
described as a Hamiltonian system, where the Hamilto-
nian contains all the information about the topology of
the field lines. This subject,which has been extensively
treated by Boozer [3-5], will be discussed in Section 4,
where a canonical representation of magnetic fields will
be introduced. This representation is illustrated in Sec-
tion 5 with the example of an axisymmetric tokamak
configuration with closed magnetic surfaces. Magnetic
islands are treated in Section 6. In Section 7 we will re-
turn to the time dependent fields of Section 2 and deal
with flux conservation from a different point of view.
Finally, we will touch upon the dynamics of a plasma
in Sections 8-10, where we will discuss some implica-
tions of Ohm’s law.
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Figure 1: Motion of line bundle.

2 Flux conserving flows

In plasma physics one often speaks about magnetic
fields and their behaviour in time in terms of field lines
and their motion. In this Section we discuss the rea-
sons of this parlance and the conditions under which
it is justified. The basic problem is whether the time
evolution of a magnetic field can be described by a flux
conserving motion of field lines.
Since magnetic fields are globally divergence-free, their
spatial structure can be conveniently discussed in terms
of their field lines, which are curves in space that are
everywhere tangent to the magnetic field vector and
whose density represents the strength of the magnetic
field. A field line ~x(s) is the solution of

d~x

ds
= α~B, (1)

where the variable s parametrizes the field line and
αds = dl/B, where dl is the differential length along
the line.
Analogously to particle trajectories in phase space, the
spatial pattern of magnetic field lines can be described
as a Hamiltonian flow, where the Hamiltonian contains
all the information about the topology of the field lines.
However, this description only refers to the geometrical
structure of the field and only holds at any separate in-
stant of time. The question arises if the time evolution
of the magnetic field can be described in terms of a con-
tinuous motion of line bundles. This requires that we
associate a velocity with the magnetic field such that
we can identify a field line from one instant to the next
and label it unambiguously. Consider a smooth, geo-
metric (kinematic) velocity field ~vb(~x, t). Geometrical
lines, surfaces and volumes move locally with this ve-
locity. This velocity need not to be a physical quantity
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Figure 2: A line element moving with the flow ~vb(~x, t).

and need not to have a direct relationship with the dy-
namical velocity of the medium (plasma). It should be
stressed that the magnetic field and the associated elec-
tric field are determined by the dynamics of the physical
system and are assumed to be given. Here, we deal only
with geometrical and kinematical aspects.
During the motion the lines will be stretched and the
cross-section of the bundle will change, as is sketched
in Fig. 1.
The field lines will keep their identity if the magnetic
field remains tangent to the lines and if the number of
field lines crossing a surface, i.e., if the magnetic flux
is conserved with time. Then the time evolution of the
magnetic field can be visualized as a flux conserving
motion of field lines. The change with time of a line
element ~dl that moves with the field ~vb (see Fig. 2) is
determined by

d

dt
~dl = ~dl · (∇~vb). (2)

It follows that the time rate of change of a comoving
surface element ~dS = ~dl1 × ~dl2 is,

d

dt
~dS = −(∇~vb) · ~dS + (∇ · ~vb) ~dS. (3)

This implies that the time rate of change of the mag-
netic flux through a surface element is

d

dt
~B · ~dS = (

∂ ~B

∂t
−∇× ~vb × ~B) · ~dS. (4)

It is concluded that the conservation of flux through any
surface element requires that a smooth velocity field
~vb(~x, t) can be defined such that the given magnetic
field ~B(~x, t) satisfies [1,2]

∂ ~B

∂t
= ∇× ~vb × ~B. (5)

This equation also implies that if initially the magnetic



field is tangent to a line element, this remains so in
the course of time. Hence, the time evolution of the
magnetic field can be visualized as a flux conserving flow
of field lines if Eq. (5) is valid.

According to Faradays equation, ∇ × ~E = −∂ ~B/∂t,
the validity of (5) requires that the electric field can be
written in the form

~E = −~vb × ~B −∇F, (6)

where F (~x, t) is an arbitrary, single-valued function.
This equation determines both ~vb(~x, t) and F (~x, t) given
the field ~B(~x, t). The component of Eq. (6) parallel to
the field ~B

~E · ~B = − ~B · ∇F (7)

determines F . Then, the field line velocity is given by

~vb = ( ~E +∇F )× ~B/B2. (8)

The component of the velocity along the magnetic field
does not play a role and may be disregarded.
Different choices for F yield different flow velocities.
If two velocities and functions F are related by (~vb1 −
~vb2)× ~B+∇(F1−F2) = 0 and ~B·∇(F1−F2) = 0, then ei-
ther line flow represents the evolution of the field. This
arbitrariness indicates that ~vb is not a physical quan-
tity.
The line velocity (8) is well-defined except when F is
undetermined, and possibly at magnetic nulls where the
field strength B vanishes. Magnetic nulls where the to-
tal field vanishes do occur in space plasmas like the
geomagnetic tail and solar flares. They do not occur in
fusion devices with strong externally applied magnetic
fields like tokamaks and stellarators.
Equation (7), which determines F , is called a magnetic
differential equation [6, 7]. Although it can always be
solved locally, its full solution depends on boundary
conditions and, thus, on global plasma properties. In
particular, Eq. (7) can only be solved on a closed mag-
netic field line if the loop voltage

∮
~dl · ~E (9)

along the line vanishes . This is a global, not a local
condition. If the loop voltage along any closed field line
vanishes, then ~vb is well-defined everywhere and mag-
netic fluxes are conserved. However, this is a strong
requirement that will be satisfied only in ideal cases.
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Figure 3: The magnetic field of two parallel, diffuse
currents.

In general, the loop integral of the electric field gen-
erated by arbitrary plasma motions will not be zero.
This means that flux conservation can break down on
closed magnetic field lines. Note that the magnetic field
strength does not appear in (9), only the geometry of
the closed field line plays a role. A well-known 2D con-
figuration with magnetic nulls is the magnetic field of
two parallel, diffuse currents. The geometry is sketched
in Fig. 3. The hyperbolic null is called an X-point, the
elliptic nulls are O-points. The configuration consists
of three flux bundles. The two field lines that start
and end at the X-point separate these bundles. They
are called separatrices. A constant magnetic field in
the third direction (perpendicular to the page) could
be added to the configuration. Then, if the system is
periodic in this direction, the X− and O−points in the
figure represent field lines that are effectively closed.
Magnetic fluxes are conserved if the loop integrals of
the electric field along these closed curves vanish.
The existence of magnetic nulls and closed field lines
is intimately related with magnetic reconnection and,
thus, with changes in field topology. Magnetic recon-
nection is a field evolution in which some flux tubes flow
into or emerge from a point or a line where either the
total field strength or some component of the field van-
ishes. In this process the flux tubes loose their global
identity. Loosely speaking one may say that the flux
tubes are cut and reconnected in a different order. This
local phenomenon changes the global topology. This re-
connection process is illustrated in Fig. 4. Flux bundles
carrying opposite fluxes flow into an X-point where the
magnetic field vanishes. There they loose their identity.
Reconnected flux tubes that emerge from this process
have a different topology. The figure also illustrates
the singular aspect of a reconnection process. Field
lines that become adjacent at one position may be far
apart elsewhere in space. This means that the process
connects regions in space that were originally isolated
from each other. This may have as a consequence that
large flows of particles and energy are set up along field
lines so that transport is greatly enhanced.



Figure 4: Standard representation of reconnection.

3 Magnetic field lines near a null

The characteristic properties of the field ~B = Bi~ei in
the neighborhood of a simple magnetic null at ~x = 0 can
be understood from the linearized expansion around the
critical point at ~x = 0:

Bi = Bijx
j , Bij =

(
∂Bi

∂xj

)

~x=0

. (10)

This expansion yields a constant current density, ~J =
∇ × ~B, in the neighborhood of the null, and, thus, is
only valid for fields with a regular current distribution.
Since the magnetic field is divergence-free, the matrix
{Bij} has zero trace and the sum of its eigenvalues λi

vanishes. The product of the eigenvalues is equal to the
determinant, Dn ≡ det {Bij}. If the determinant does
not vanish, the magnetic nulls are isolated points.
Although the velocity ~vb of a field line may not be reg-
ular at a magnetic null (see Eq. (8)), the velocity ~vn of
the null itself remains finite. From (10) one finds that
~vn is given by [2a]

∂

∂ t
Bi

∣∣∣∣
~x=0

= −~vn · ∇Bi

∣∣∣∣
~x=0

= −vnjBij

∣∣∣∣
~x=0

, (11)

so that ~vn is finite if the determinant of the matrix
{Bij} does not vanish.
The magnetic field lines near a null are obtained by
combining Eqs (1) and (10)

dxi

ds
= αBijx

j . (12)

These field line equations are invariant under xi → −xi

and under Bij → −Bij , s → −s.
The matrix {Bij} can be written as the sum of a sym-
metrical and of an anti-symmetrical part. The sym-
metrical matrix {Bs

ij} with elements (Bij +Bji)/2 rep-
resents a (local) vacuum field that is produced by cur-
rents at large distances. This matrix can always be
diagonalized by rotations. The anti-symmetrical part

Ba
ij = (Bij − Bji)/2 is related with the local, constant

current density ~J ,

Ji = εijk
∂Bk

∂xj
= εijkBa

kj , (13)

where εijk are the completely antisymmetric Levi-
Civita symbols. In the absence of currents, the matrix
{Bij} is symmetric and has real eigenvalues λl, (l =
1, 2, 3). Hence, complex eigenvalues require a finite cur-
rent density.

In the coordinate system in which the symmetric part
of {Bij} is diagonal, we have

~B =




a1 0 0
0 a2 0
0 0 a3







x1

x2

x3




+
1
2




0 −J3 J2

+J3 0 J1

−J2 −J1 0







x1

x2

x3


 . (14)

with Σai = 0.
In three dimensions, the traceless, symmetric matrix
has two independent parameters. The anti-symmetric
part contains three independent parameters that de-
termine the orientation of the current with respect to
the vacuum field. Hence, five parameters characterize
the field in the neighborhood of a magnetic null. In
two dimensions, this number is reduced to two: one
eigenvalue and the value of the current density in the
ignorable direction.

The field ~B can also be written as follows. Since the
matrix {Bij} has at least one real eigenvalue, we can
choose the z-axis in the direction of the corresponding
eigenvector. By a subsequent, suitably chosen rotation
in the (x, y)-plane, one can write [10]

~B =




a11 − 1
2Jz 0

1
2Jz a22 0
−Jy Jx a33







x
y
z


 , (15)

with Σaii = 0. This matrix has the eigenvalues

λ1,2 =
1
2
(a11 + a22)± 1

2
[(a11 − a22)2 − J2

z ]
1
2 ,

λ3 = a33(= −a11 − a22). (16)

Complex eigenvalues occur when the current density is
sufficiently large.
Two equal eigenvalues occur either if (λ1 = λ2)

(a11 − a22)2 − J2
z = 0, (17)

or if (λ3 = λ1,2)

(a11 − a22)2 − J2
z = 9a2

33. (18)



λ 1,2 = ± iα, λ 3 = 0

B

←

λ 1,2 = ± α, λ 3 = 0

(a)

(b) (c)

λ 1,2 = 0,   Jz  ≠ 0 

Figure 5: (a) 2D magnetic field configurations, (a) neu-
tral layer: λ1,2 = 0, Dn = 0; (b) O-point: λ1,2 =
±iλ, Dn > 0; (c) X-point: λ1,2 = ±λ, Dn < 0.

The case of two dimensions is described by Eq. (14)
with a1 = −a2, J1 = J2 = 0. The eigenvalues of the
matrix {Bij} are

λ1,2 = ±1
2
[4a2

1 − J2
3 ]

1
2 . (19)

When both eigenvalues vanish, the geometry is that
of a current layer where the magnetic field vanishes at
a neutral line. When the eigenvalues are purely imagi-
nary, the field lines are wrapped around an elliptic point
which is called an O-point. This can be verified by solv-
ing Eq.(12). When both are real, and thus of opposite
sign, the field lines run into and out of a hyperbolic
point which is called an X-point. Field lines that start
or end at the null are called separatrices. These three
cases are illustrated in Fig. 5. Only the latter case can
exist with locally a vacuum magnetic field.
A constant magnetic field in the third direction (per-
pendicular to the page) could be added in each of these
examples. Then, if the system is periodic in this di-
rection, the X− and O−points in the figures represent
field lines that are effectively closed. Each point of the
neutral line is the intersection of the plane with such
a line. According to what has been said in the previ-
ous section, magnetic fluxes are conserved if the loop
integrals of the electric field along these closed curves
vanish.
An example of a three dimensional null is given by
Eq.(14) with J1,2 = 0. The eigenvalues of the matrix
Bij are

Figure 6: (a) 3-D O-point; (b) 3-D X-point.

λ1,2 =
1
2
(a1 + a2)± 1

2
[(a1 − a2)2 − J2

3 ]1/2, λ3 = a3.

(20)

Another example is a1 = a3, J2 = 0. In this case the
eigenvalues are

λ1 = a1, λ2,3 = −1
2
a1 ± 1

2
[9a2

1 − (J2
1 + J2

3 )]
1
2 . (21)

Examples of 3-D nulls [8] are presented in Fig. 6.

4 Static equilibria with a mag-
netic null

According to (10) and (13), the components of the
Lorentz force are

~J × ~B|i = εijkJjBk = 2Ba
ikBklx

l. (22)

The curl of this force is

∇× ~J × ~B|i = εijk
∂

∂xj

~J × ~B|k = 2εijkBa
klB

s
lj (23)

since εijkBa
klB

a
lj = 0. Note that ~B and ~J are both

divergence-free so that ∇× ~J × ~B = [ ~B, ~J ], where the
Lie bracket is defined as [ ~B, ~J ] ≡ ~B · ∇ ~J − ~J · ∇ ~B.
According to Frobenius theorem [9], the current den-
sity ~J and the magnetic field ~B span locally a set of
(magnetic) surfaces if

[ ~B, ~J ] = αB
~B + αJ

~J, (24)



where αB and αJ are real constants. This condition
can be written as

2εijkBa
klB

s
lj = αBBijx

j + αJεijkBa
kj . (25)

To leading order in powers of x one obtains (αB involves
higher order terms in the current)

Ba
klB

s
lj + Bs

klB
a
lj = αJBa

kj . (26)

With (14) one finds




0 (a3 + αJ)J3 −(a2 + αJ)J2

−(a3 + αJ)J3 0 (a1 + αJ )J1

(a2 + αJ)J2 −(a1 + αJ )J1 0


 = 0.

(27)

The important cases with αJ 6= 0 are,

a3 = −αJ , a1,2 + αJ 6= 0; J1,2 = 0, J3 arbitrary,

a1 = a3 = −αJ , a2 = 2αJ ; J2 = 0, J1,3 arbitrary.
(28)

These cases correspond to Eq.(20) with a3 = −αJ and
to Eq.(21) with a1 = −αJ , respectively. We conclude
that the current density and the magnetic field near an
isolated null span locally a set of surfaces if and only if
Eq. (27) is satisfied.

In the case of a scalar pressure equilibrium, ~J× ~B = ∇p,
the right-hand side of (23) has to vanish

Ba
klB

s
lj + Bs

klB
a
lj = 0. (29)

This implies that the product matrix BklBlj =
Ba

klB
a
lj + Bs

klB
s
lj is symmetric and has real eigenvalues

λ2 (the squares of the eigenvalues of the matrix Bij).
It follows that the eigenvalues λi are either all real or
all purely imaginary.
In 3D, the latter case implies that one eigenvalue van-
ishes, so that the determinant vanishes. This situa-
tion is structurally unstable and can be ignored. This
can be seen as follows. Suppose ~B has a zero at
~x = 0. Then, adding a small magnetic field ~B1, the
null will shift to the position δ~x which is given by
[Bij(0) + B1ij(0)]δxj = −B1i(0). A solution for δ~x
exist if the determinant of the matrix in the left hand
side does not vanish, i.e. if this matrix has no zero
eigenvalues.
Equation (27) reads in the scalar pressure limit,




0 a3J3 −a2J2

−a3J3 0 a1J1

a2J2 −a1J1 0


 = 0. (30)

It follows that if some ai has a finite value than the cor-
responding current density Ji must vanish. There are
only two null configurations that are consistent with
a static equilibrium with isotropic pressure. All cur-
rent components may have arbitrary values if all ai’s
vanish, i.e. if there is no vacuum magnetic field. The
other case is when the current density has only a single
component, say J3 6= 0, J1,2 = 0. Then a3 = 0 and
a1 = −a2. This corresponds to the 2D magnetic null
or neutral line of Fig.5. The two conjugate eigenvalues
are given by Eq.(19), the third eigenvalue vanishes.

5 Field line Hamiltonian

In this Section the Hamiltonian character of magnetic
field lines is clarified. Since a magnetic field is globally
divergence-free, it possesses a single-valued vector po-
tential ~A. In an arbitrary coordinate system (ρ, θ, φ),
~A can be represented as

~A = χ∇θ − ψ∇φ +∇G, (31)

where χ(~x), ψ(~x), θ(~x), φ(~x) and G(~x) are continuous
functions of space and may depend on parameters like
the time.
The gauge function G does not play a role in the rep-
resentation of the magnetic field ~B = ∇× ~A,

~B = ∇χ×∇θ +∇φ×∇ψ. (32)

Hence, a divergence-free field can be characterized by
two fluxes, χ(~x) and ψ(~x). We limit the discussion to
configurations with strong magnetic fields and assume
that the 3-coordinate φ can be chosen such that the
contravariant component Bφ = ~B ·∇φ = ∇χ×∇θ ·∇φ
never vanishes in the volume under consideration. In
a toroidal geometry with a strong toroidal field, e.g.,
an obvious choice for φ is the toroidal angle. The non-
vanishing of Bφ implies that the functions χ(~x), θ(~x)
and φ(~x) can be inverted, ~x = ~x(χ, θ, φ) because the
Jacobian of the transformation (~x) → (χ, θ, φ),

D =
∂~x

∂χ
× ∂~x

∂θ
· ∂~x

∂φ
=

1
∇χ×∇θ · ∇φ

=
1

~B · ∇φ
, (33)

is finite and never vanishes. On the basis of Eq. (33) we
may take (χ, θ, φ) as a set of coordinates. The function



ψ(~x) can be expressed in terms of the new variables,
ψ(~x) = ψH(χ, θ, φ).
The basis vectors associated with the coordinates
(χ, θ, ψ), are ~eχ = ∂~x/∂χ, ~eθ = ∂~x/∂θ and ~eφ =
∂~x/∂φ, the cobasis vectors are ~eχ = ∇χ, ~eθ = ∇θ and
~eφ = ∇φ. In what follows we will frequently use the re-
lations ~ei · ~ej = δi

j where δi
j is the Kronecker symbol.

In case of a toroidal field geometry, the coordinates
(χ, θ, φ) can be chosen as follows. Such a device is pe-
riodic in the poloidal (the short way around the torus)
and in the toroidal direction (the long way around the
torus). If θ and φ denote the corresponding angle-like
variables, then the magnetic flux through a surface φ
= constant is

∫
~B · ~dSφ =

∫
~B · ∇φ Ddχdθ =

∫
dχdθ. (34)

Since the system is 2π-periodic in θ, 2πχ is the flux
in the φ-direction that is enclosed by a surface χ =
constant.

A magnetic field line is an integral curve ~x(s) that is
the solution of Eq.(1). Along the field line we have
dχ = d~x · ∇χ = αds ~B · ~∇χ etc., so that Eq. (1) can be
written as

αds =
dχ

~B · ∇χ
=

dθ

~B · ∇θ
=

dφ

~B · ∇φ
. (35)

Since ~B · ∇φ 6= 0 everywhere, we may choose s = φ
and α = (B · ∇φ)−1. Then, using expression (32) for
the magnetic field, the field line equations (35) take the
form [3],

dχ

dφ
= −∂ψH

∂θ
,

dθ

dφ
=

∂ψH

∂χ
. (36)

These are Hamilton equations in two-dimensional phase
space (χ, θ). The flux function ψH(χ, θ, φ) is the Hamil-
tonian. It contains all the information on the topology
of the field lines. The conjugate variables (χ, θ) play
the roles of the generalized momentum and coordinate.
The parameter φ along the field line has the role of the
”time”-variable. Equation (36) can be used for field
line tracing. These field lines may be either regular or
stochastic. When the Hamiltonian ψH is given, then
the integration of Eq. (36) yields χ and θ as func-
tions of φ. Subsequently, the transformation equations
~x = ~x(χ, θ, φ) give the field lines ~x(φ) in space. On the
basis of Eq. (36), expression (32) is called a canonical
representation of the magnetic field.

The field line equations can also be obtained from the
variational principle

δ

∫
~A · d~x = δ

∫
dφ ~A · d~x

dφ
= 0 (37)

with ~A · δ~x = 0 at the end points of the interval of
integration. The substitution of expression (31) for the
vector potential brings Eq. (37) in the form

δ

∫
dφ [χ

dθ

dφ
− ψH ] = 0. (38)

This is Hamilton’s principle. After performing the vari-
ations with χ and θ as independent variables, the field
line equations (36) are recovered.
The Hamiltonian structure of the field line geometry
gives access to the wide body of Hamilton theory, in
particular to the well-known apparatus of canonical
transformations.
The variational principle (37) does not depend on
the gauge function G in (31). Therefore this func-
tion can be used to generate canonical transforma-
tions (χ, θ) → (χ1, θ1) and ψH → ψH1 . In terms of
the new coordinates (χ1, θ1) and the new Hamiltonian
ψH1(χ1, θ1, φ), the field line equations (36), Hamilton’s
principle (38), and the magnetic field representation
(32) are unchanged. The φ-coordinate is the ”time”
variable and remains unchanged. Well-known exam-
ples of functions that generate canonical transforma-
tions [10] are f1(θ, θ1, φ) and f2(χ1, θ, φ) with

∂f1

∂θ1
= −χ1 ,

∂f1

∂θ
= χ , ψH1 = ψH + ∂f1/∂φ,

and

∂f2

∂θ
= χ ,

∂f2

∂χ1
= θ1 , ψH1 = ψH + ∂f2/∂φ,

respectively. Indeed, it can be shown that any gauge
transformation is a canonical transformation and vice
versa [4].

A case of particular interest arises when a canonical
transformation exists such that the new Hamiltonian
only depends on the variable χ, ψH = ψH(χ). In this
case, the field line equations (36) can be integrated and
yield,

θ − ιφ = θ0 , χ = χ0, (39)

where θ0 and χ0 are constants, and

ι(χ) ≡ dψH

dχ
(40)
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Figure 7: Straight field lines in the integrable case.

is the rotational transform. Hence, in this integrable
case the field lines are straight lines on surfaces χ =
constant, which now coincide with surfaces ψ = con-
stant. The angle between a field line and the φ-axis is
determined by ι(χ). In the tokamak literature, usually
the inverse of the rotational transform, the magnetic
winding number q = ι−1, is used. When ι is constant
in space, i.e. when it has the same value on all magnetic
surfaces ψ = constant, then all field lines are parallel.
When ι is space-dependent, field lines on neighbouring
surfaces have different directions. This is called mag-
netic shear.

6 Axisymmetric tokamak

We illustrate the discussion of the preceding section
with the important example of an axisymmetric toka-
mak with closed magnetic surfaces.
The magnetic field in such a configuration can be rep-
resented as

~B = ~BT + ~Bp = RBT∇φ +∇φ×∇ψ, (41)

where BT and Bp are the toroidal and poloidal field
strengths, respectively, φ is the toroidal angle and R
the distance to the axis of symmetry. Both contribu-
tions to ~B are divergence-free. Due to axisymmetry,
~B · ∇ψ = 0 so that the magnetic field lines lie on sur-
faces ψ = constant, which are assumed to be closed and
nested. The inner most surface is the magnetic axis.
The poloidal field is tangent to a cross-section l of the
flux surface with a plane through the axis of symmetry.
The poloidal flux between two neighbouring flux sur-
faces ψ and ψ + dψ is (dlφ = dφ/|∇φ|, dlψ = dψ/|∇ψ|)

∮
~Bp · ~dlφ × ~dlψ =

∮
Bp

|∇ψ||∇φ|dφdψ = 2πdψ. (42)

ψ = constant

B p

θ

Ro

ϕ

→

B T
→

Figure 8: Cross section of a flux surface with a plane
through the axis of symmetry.

Hence, the field line Hamiltonian of the previous Sec-
tion is just the poloidal flux function ψ. The toroidal
flux between these surfaces is

2πdχ =
∮

~BT · ~dlψ × ~dl = dψ

∮
BT

RBp
dl, (43)

where dl is the element of length along the curve l.
From Eq. (43) it follows that the rotational transform
can be expressed as

ι−1 =
dχ

dψ
=

1
2π

∮
BT

RBp
dl. (44)

It remains to construct a poloidal variable θ such that
the magnetic field lines are straight in the θ − φ plane.
The field lines are given by

dθ

dφ
=

~B · ∇θ

~B · ∇φ
.

These lines are straight if dθ/dφ = q−1(ψ) is indepen-
dent of θ. Now ~B ·∇φ = BT /R and ~B ·∇θ = Bp ∂θ/∂l,
so that the definition

θ = q−1

∫ l

0

dl
BT

RBp
(45)

guarantees that the field lines are straight. The sys-
tem is periodic in the poloidal variable θ. If we choose
this period to be 2π, we see that q = ι−1 according to
Eqs (44) and (45). The straight field lines are given by
φ − qθ = constant. Rational flux surfaces are surfaces
on which q is a rational number, q = m/n. On these
surfaces the field lines are closed: after encircling the



q

distance from magnetic axis

Figure 9: q-profile in a tokamak.

torus n times in the poloidal direction and m times in
the toroidal direction, a field line returns to its original
point. When q is irrational, the field line fills the flux
surfaces ergodically.
In a tokamak, q is positive and increases monotonically
with the distance from the magnetic axis, with the pos-
sible exception of the centre of the plasma. Since ratio-
nal numbers are dense, it follows that magnetic surfaces
with closed magnetic field lines are dense in a tokamak.

7 Magnetic islands

In this section we consider magnetic perturbations of
the toroidal magnetic geometry with closed flux sur-
faces that was discussed in the previous section. The
magnetic field is given by Eq. (32). The poloidal flux
function ψ (the φ-Hamiltonian)

ψ = ψ̄(χ) + ψ̃(χ, θ, φ) (46)

is the sum of an averaged part ψ̄(χ) related to the back-
ground field with closed magnetic surfaces and of a per-
turbation ψ̃ that is periodic in (θ, φ) and may depend
on time. The rotational transform of the background
field is dψ̄/dχ = ι(χ).
We introduce the helical flux function ψhe and the co-
ordinate λ with respect to a flux surface χ = χ0 of the
background field where the rotational transform ι(χ0)
equals a rational number ι0,

ψhe = ψ − ι0χ , λ = θ − ι0φ. (47)

(According to Section 4, this corresponds to the canon-
ical transformation (χ, θ) → (χ, λ) with generating

function f2 = χ(θ − ι0φ). The new Hamiltonian is
ψhe = ψ + ∂f2/∂φ.)
Then, the magnetic field (32) can be written as,

~B = ~Bhe + ~B∗ = ∇χ×∇λ +∇φ×∇ψhe. (48)

Note that both fields ~Bhe and ~B∗ are separately
divergence-free.
The curves λ = constant form a set of helical lines. On
the surface χ = χ0 where ι = ι0, these helical lines co-
incide with the field lines of the background field. The
first term in Eq. (48) is the helical field ~Bhe = ∇χ×∇λ.
It is tangent to the lines λ = constant and has con-
stant rotational transform, so that all its field lines are
straight, parallel and closed. The second term in Eq.
(48) can be written as

~B∗ = ∇φ×∇ψ̄he +∇φ×∇ψ̃, (49)

with ψ̄he = ψ̄ − ι0χ. The first contribution to Eq. (49)
represents the shear field component ~̄B∗ of the back-
ground field. It vanishes at the rational surface ι = ι0
where it changes sign if ι is a monotonic function of χ.
This shear field geometry corresponds to the 2D case of
Fig.5a.
Suppose that the perturbed flux ψ̃ consists of a single
Fourier harmonic,

ψhe = ψ̄he(χ) + ψ̃mn(χ) cos(mθ − nφ). (50)

It follows that,

~B ·∇ψhe = ~Bhe ·∇ψ̃ = −m

D
(ι0− n

m
)ψ̃mn sin(mθ−nφ).

(51)

Hence, perturbations with (m,n)-numbers such that
their ratio equals the rational number ι0, ι0 = n/m,
are resonant with the background magnetic field at the
surface χ = χ0. In this case we have ~B · ∇ψhe = 0
so that the magnetic field lies on surfaces ψhe = con-
stant.

The critical points (χc, λc) of the configuration are
the nulls of the ~B∗ field which follow from by ∇ψhe = 0,

∂ψ̄he

∂χc
+

∂ψ̃

∂χc
cos mλc = 0, ψ̃mn(χc) sin mλc = 0. (52)

In these points ~B∗ vanishes and the magnetic field lines
are closed. The nature of these critical points is de-
termined by the second derivatives of ψhe, i.e., by the
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Figure 10: Curves ψhe = constant of a single helicity
magnetic island.

properties of the matrix ∇ ~B∗|c taken at the nulls of ~B∗.
The simplest case arises when ψ̃mn is approximately
constant near the rational surface. This case is sketched
in Fig. 10. Taking ψ̃mn > 0 and dι/dχ < 0, then the
critical points (χc = χ0,mλc = ±π) are hyperbolic (X-
points). The critical points (χc = χ0,mλc = 0) are
elliptic (0-points).
The ~B∗-lines that connect X-points are finite and start
and end at the hyperbolic nulls of ~B∗. These curves
are called separatrices, they separate the flux bundles
inside and outside the magnetic island.
The value ψs of ψhe on the separatrix is, according to
Eq. (50), ψs = ψhe(χ0,mλ = ±π) = ψ̄he(χ0) − ψ̃mn.
The separatrix is given by

−ψ̃mn =
1
2
(χ− χ0)2

dι

dχ0
+ ψ̃mn cosmλ, (53)

where we have expanded ψ̄he(χ) in Eq. (50) around the
rational surface χ = χ0. This is valid for small islands.
The half-width of the island is

∆χ =
[
− 4ψ̃mn

dι/dχ0

]1/2

. (54)

If we may approximate our toroidal geometry by that
of a periodic cylinder with axial flux χ = 1

2r2BT , BT

being the toroidal field, then the half-width of the island
expressed in the cylindrical radius r is

∆r

r0
=

[
4q0ψ̃mn

r0
2BT ŝ

]1/2

, (55)

where r0 is the position of the resonant surface where
q0 = m/n, and ŝ = r0q0

−1dq/dr0 is the value of the
shear parameter at this surface.
As we have argued in Section 5, rational flux sur-
faces are dense in a tokamak. Magnetic perturba-
tions with nearby (m, n)-numbers will be resonant on
nearby rational surfaces. The distance δr between
the rational surfaces (m + 1)/n and m/n follows from
(m+1)/n−m/n = δrdq/dr0. If the amplitudes of these

perturbations are such that the sum of the half-widths
of their islands becomes of the order of the distance
δr between their rational surfaces, islands will start to
overlap. Magnetic field lines may then pass from one
island structure to the other and wander stochastically
through the volume. This will give rise to enhanced
radial transport of particles, energy, and momentum.

8 Time-dependent fields

In Sections 3-6 we have limited the discussion to the
spatial aspects of the field structure. There the time
occurred only as a parameter. In this Section we con-
sider the time dependence explicitly and take the vector
potential ~A, the gauge G and the variables χ and θ to
be functions of ~x and of time t. The φ-Hamiltonian is
ψH(χ, θ, φ, t)(= ψ(~x, t)) and the transformation equa-
tions are ~x = ~x(χ, θ, φ, t). Again, mainly geometrical
aspects will be discussed and the time dependence of
all quantities is assumed to be given. Dynamical as-
pects in the form of Ohm’s law are introduced at the
end of this Section.
Upon differentiating the vector potential (31) partial to
t, we obtain

(
∂ ~A

∂t

)

~x

=
∂χ

∂t
∇θ − ∂θ

∂t
∇χ−

(
∂ψH

∂t
+

∂ψH

∂χ

∂χ

∂t
+

∂ψH

∂θ

∂θ

∂t

)
∇φ +∇S, (56)

where

S =
(

∂G

∂t

)

~x

+ χ
∂θ

∂t
. (57)

From the identity (∂~x/∂t)~x = 0 and the transformation
equations ~x = ~x(χ, θ, φ, t) follows

∂~x

∂t
= −∂~x

∂χ

∂χ

∂t
− ∂~x

∂θ

∂θ

∂t
= −~eχ

∂χ

∂t
− ~eθ

∂θ

∂t
. (58)

The velocity ∂~x/∂t is a coordinate velocity; the vari-
ables (χ, θ) are constant in the comoving frame

d

dt
(χ, θ) =

( ∂

∂t
+

∂~x

∂t
· ∇)

(χ, θ) = 0. (59)

The ~eχ and ~eθ components of (58) are

∂χ

∂t
=

(
∂ ~A

∂t

)

~x

· ∂~x

∂θ
− ∂S

∂θ
,

∂θ

∂t
= −

(
∂ ~A

∂t

)

~x

· ∂~x

∂χ
+

∂S

∂χ
. (60)



It follows that in general the time evolution of the coor-
dinates (χ, θ) does not have a Hamiltonian structure.
In terms of the electric field ~E = −∂ ~A/∂t − ∇Φ and
the coordinate velocity (58), Eq. (56) can be written in
the form [4],

~E +
∂~x

∂t
× ~B =

∂ψH

∂t
∇φ−∇(S + Φ). (61)

Note that ∂ψH/∂t = dψH/dt is the time rate of change
of the poloidal flux function in the local frame that
moves with the coordinate velocity (58).
Although Eq. (61) and Eq. (6) of Sec. 2 look similar,
they are quite different. In Sec. 2 we required flux
conservation from the start, which led to Eq.(6). Here,
we have introduced the well-defined velocity (58) and
did not require flux conservation.
According to Eq. (61), the loop integral of the electric
field along a closed field line is

∮
~E · ~dl =

∮
dl

DB

∂ψH

∂t
=

∮
dφ

∂ψH

∂t
. (62)

It is seen that the loop voltage is directly related with
the time rate of change of the poloidal flux enclosed by
the loop. This loop voltage vanishes when ∂ψH/∂t is
periodic in φ with zero mean. Then, Eq. (61) is equiva-
lent to Eq. (6) and, within the freedom discussed below
Eq. (9), the field line velocity (8) may be identified with
the coordinate velocity (58).
Ohm’s law in resistive magnetohydrodynamics (MHD)
reads

~E + ~v × ~B = η ~J. (63)

Here, ~v is the dynamical fluid velocity. The plasma re-
sistivity is denoted by η and ~J is the current density.
In ideal MHD, the resistive term on the right is ne-
glected. In this case ~E · ~B = 0 and the loop voltage
along a closed field line vanishes. As we have seen this
implies flux conservation. The component of Eq. (61)
in the direction of the magnetic field is

1
D

∂ψH

∂t
= ~B · ∇(S + Φ). (64)

Hence, in ideal MHD, the choice S = −Φ makes the
φ-Hamiltonian ΨH independent of time.
However, the integral of the electric field along closed
magnetic loops will be finite for general plasma motions
and field variations. According to Eq. (62), the poloidal
flux will not be conserved in those cases. The resistive
Ohm’s law (63) yields

∮
~E · ~dl =

∮
ηJ‖dl. (65)

If the loop voltage does not vanish, then the right-hand
side of this expression must be finite. Hence, if we take
the limit of zero resistivity η → 0, in order to reobtain
ideal MHD, we find that the current density becomes
infinite, J‖ →∞. From the point of view of ideal MHD,
closed magnetic field lines are singular lines where arbi-
trary large currents can be generated. This generation
of large currents along closed magnetic loops is related
with the singular character of reconnection.

9 Ohms law

In this Section we go beyond the geometrical aspects
and touch briefly upon the dynamics of the plasma.
However, we will limit the discussion to Ohm’s law,
which was introduced in the preceding section.
In Sections 2 and 8 it has been shown that flux con-
servation depends on the vanishing of the loop voltage
along closed field lines. Only the parallel component of
the electric field plays a role in this condition. Arbi-
trary forces in the direction perpendicular to the mag-
netic field may be present, e.g. perpendicular resistiv-
ity, without violating flux conservation. This can be
shown directly as follows.
Let us assume that the plasma satisfies Ohm’s law in
the form

~E + ~v × ~B = ~F⊥ +∇Φ, (66)

where ~v is the fluid velocity, Φ is a single-valued func-
tion, and ~F⊥ is an arbitrary, resistive or turbulent force
perpendicular to the magnetic field.
Introduce the velocity ~u:

~u = ~v +
1

B2
~B × ~F⊥. (67)

This velocity is well-defined in systems without mag-
netic nulls. Then, Ohm’s law (66) can be written as

~E + ~u× ~B = ∇Φ. (68)

Hence, the magnetic flux
∫

~B · ~dS through any surface
that moves with the velocity field ~u is conserved. Notice
that nevertheless magnetic field and plasma are decou-
pled: the line velocity ~u does not coincide with the fluid
velocity ~v. This does not mean that the magnetic field
is confined; it says that reconnection can not take place



and that the magnetic topology is conserved. It is con-
cluded that perpendicular, turbulent forces associated
with turbulent diffusion across the magnetic field, do
not violate flux conservation [12].
If turbulent (anomalous) transport is due to the vio-
lation of flux conservation (e.g. stochastization of the
magnetic field), then turbulent forces ~F‖ along the mag-
netic field have to play a role.

Let us reconsider ideal Ohm’s law,

~E + ~v × ~B = ∇Φ. (69)

Expressing the electromagnetic fields in terms of the
potentials ~A and φ, ( ~E = −∇φ− ∂ ~A/∂t, ~B = ∇× ~A),
this equation reads

∂

∂t
~A− ~v ×∇× ~A = −∇(φ + Φ). (70)

Upon combing this relation with the expression (2) for
the time rate of change of a line element that moves
with the fluid velocity ~v, one obtains

d

dt
~A · ~dl = ~dl · ∇(~v · ~A− φ− Φ). (71)

Since the expression on the right involves the gradient of
a single-valued function, it follows that the loop integral
of the vector potential along any closed curve that moves
with the fluid, is conserved,

d

dt

∮
~A · ~dl = 0. (72)

This is of course equivalent to the by now familiar flux
conservation,

∫
~B · d~S = constant.

Equation (70) together with the version of Ohms law
∂ ~B/∂t−∇×~v× ~B = 0, leads to the following equation
for the density ~A · ~B of the magnetic helicity,

∂

∂t
~A · ~B+∇·

[
( ~A · ~B)~v

]
= ∇· [(−φ−Φ+~v · ~A) ~B]. (73)

The right hand side vanishes after integration of this
expression over a closed magnetic flux tube, so that it
follows that the magnetic helicity in any closed flux tube
is a constant of the motion

d

dt

∮

DB

d3x ~A · ~B = 0. (74)

Figure11: Examples of three linked flux tubes (Bor-
romeo rings), two unlinked tubes, and of knotted flux
tubes.

Note that if one chooses the function f in the gauge
transformation ~A → ~A +∇f , φ → φ− ∂f∂t, such that

∂

∂t
f + ~v · ∇f = φ + Φ− ~v · ~A, (75)

then the quantities ~A · ~dl and ~A · ~Bd3x are local
invariants.

The magnetic helicity invariant H =
∮

DB

~A · ~Bd3x



of a magnetic configuration has a topological interpre-
tation and finds an explanation in terms of knots and
links of entangled fux tubes [13,14]. Figure 11 gives an
example of three linked flux tubes (Borromeo rings),
two unlinked tubes, and of knotted flux tubes.

10 Generalized Ohm’s law

Because of the large difference in mass between the elec-
trons and ions, the electrons will dominate the response
of the plasma to electric fields. This means that Ohm’s
law is basically the electron momentum balance,

∂

∂t
γ~v + ~v · ∇γ~v = − e

m

(
~E + ~v × ~B

)
−∇F, (76)

where m is the electron mass, e the charge, γ the rela-
tivistic mass factor, ~v the velocity of the electron fluid,
and F is some function.
In terms of the generalized fluid momentum:

~P = γ~v − e ~A/m, (77)

Eq.(76) reads

∂ ~P

∂t
− ~v ×∇× ~P = 0−∇(

e

m
φ + γ)−∇F. (78)

Taking the curl of this equation and introducing the
generalized vorticity

~Ω ≡ ∇× ~P = ∇× (γ~v − e ~B/m), (79)

we obtain the electron momentum balance in the form

∂~Ω
∂t

−∇× ~v × ~Ω = 0. (80)

Upon comparing expressions (78) and (80) with (70)
and (5), it is seen that the loop integral of the gener-
alized momemtum along any comoving curve and the
flux of generalized vorticity through any comoving sur-
face are conserved

∮
~P · ~dl = constant,

∫
~Ω · ~dS = constant. (81)

Here, comoving means moving with the electron fluid.
These conservation laws imply that collisionless recon-
nection can occur. Although the generalized vorticity is

conserved, the magnetic flux need not to be conserved,
but may be converted into electron momentum.
In Section 8 we have argued that in ideal plasmas
(η → 0), closed magnetic field lines are singular lines
where arbitrary large currents can be generated. Elec-
tron inertia will limit these currents that tend to be-
come infinitely large for me → 0. Electron inertia sets
a new scale-length: the inertia skin-depth de = c/ωp,
ωp being the plasma frequency.
Equations (78) and (80) also imply that the integral
of the generalized helicity over a closed ~Ω-flux tube is
conserved

∮

DΩ

d3x ~P · ~Ω = constant. (82)

This generalized helicity has the same topological
interpretation as magnetic helicity, it is the linking
number of ~Ω-lines.The conservation laws (81) and (82)
arise from the electron motion, ions do not play a role.

The invariants for Euler fluids are recovered from
(81) and (82) in the limit ~B → 0,

∮
~v · ~dl,

∫
~ω · ~dS,

∮

Dω

d3x ~v · ~ω, (83)

where the fluid vorticity is defined by ~ω ≡ ∇× ~v.
The magnetic conservation laws are obtained in the
limit of zero (electron) inertia, me → 0:

∮
~A · ~dl,

∫
~B · ~dS,

∮

DB

d3x ~A · ~B. (84)

This generalized vorticity field moves with (is frozen
into) the electron fluid.
This conservation law implies that collisionless recon-
nection can occur. Although the generalized vorticity
is conserved, magnetic flux may be converted into elec-
tron momentum!
In Section 8 we have argued that in ideal plasmas
(η → 0), arbitrary large currents can be generated along
closed magnetic field lines. Electron inertia will limit
these currents that tend to become infinitely large for
me → 0. Electron inertia sets a new scale-length: the
inertia skin-depth de = c/ωp, ωp being the plasma fre-
quency. On smaller scales, fluid models for electrons
might break down.
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