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ABSTRACT

A short overview is given of methods available
to solve the (partial) differential equations describing
plasma heating and current drive. Weakness and
strength of each method is briefly discussed, and re-
ferences are provided where the interested reader can
find in depth discussions.

I. INTRODUCTION: THE BASIC EQUATIONS

Plasma heating by virtue of RF (radio frequency) waves
can be looked at from two complementary points of
view. From the wave’s viewpoint plasma heating is
a loss process. Solving the relevant wave equation,
V xV x E/k2=K.E +iJ,Jwe, = E +ilJ, + Jp) Jwe,
reveals where and to which particles the wave energy
is lost. Here, E is the electric field, K is the dielectric
tensor, w is the driver frequency, and fa and fp are the
antenna and plasma current densities. From the parti-
cle’s point of view, plasma heating is the process of be-
ing accelerated or decelerated by an electric field. The
net diffusion of particles resulting from this is described
by the Fokker-Planck equation, 6£° =Q+C+S-1L
in which F, is the distribution function, @ is the RF
quasilinear diffusion term, C represents the effect of
the Coulomb collisions, S is a source and L a loss term.
Solving the coupled wave + Fokker-Planck equations
involves tackling a 6-dimensional problem. Two - equi-
valent - approaches have been proposed to achieve this:
the trajectory integral technique and the Hamiltonian
formalism [1]. The key is to rewrite both equations
in terms of shared building blocks describing the inter-
action of a particular wave component with a guiding
center orbit. In absence of an external electric field, the
orbits can be expressed in terms of 3 independent con-
stants of the motion A and 3 angles ® (which - think of

Hamiltonian action-angle variables - vary linearly with
time and describe the rapid oscillatory aspects of the
motion i.e. the poloidal bounce, the toroidal drift and
the cyclotron motions). When wave power is injected,
the A are no longer constant as a function of time. The
coefficients of the Fokker-Planck equation require re-
moving all fast time scale effects i.e. filtering out all
oscillatory motion. Evaluating the dielectric response
in the wave equation involves integrating over the veloc-
ity space coordinates. This can either be done recasting
the wave equation in a form directly amenable for non-
local treatment [2] or it can be done by writing down a
local expression for the dielectric tensor (see e.g. [3, 4]).

Since the wave and Fokker-Planck equations de-
scribe 2 aspects of the same physics, they should be
solved as a coupled system of equations (see e.g. [5]
and the references therein). Because of the complexity
involved, they are, however, solved separately in most
applications.

Various techniques are adopted to study RF hea-
ting numerically. In this paper the different approaches
are briefly discussed.

II. WAVE DYNAMICS AND RAY TRACING

The appealing simplicity of geometric optics results
from the fact that it decouples the different coexisting
branches of the dispersion equation and traces their
characteristics independently. Given a set of initial
conditions, the evolution of a wave can be visualized
and the importance of various damping schemes can be
examined explicitly accounting for &, -variations in a
realistic tokamak geometry.

Ray tracing is based on the WKB assumption that
the electric field can be written in the form

o
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where J is a small parameter and the S,, vary slowly as
a function of Z. Consider the simple equation

E” + k*(x)E=0 2)

where E is some electric field component and ' = d/dzx.
When k2 is constant, E describes plane waves propaga-
ting in the x-direction: E = E, exp[ikz]. When k varies
slowly as a function of x, a solution of the above wave
equation in the form of the proposed WKB expression
can be sought. Assuming k is of order 1/6 and grou-
ping the terms of like order in § results in a system of
equations for the S,, [6]:

(S5/0)* +k*(z) = 0 (3)

2578, +5," =0 (4)
n—1

2908, + Suo1” + Y S}S, =05 >2 (5)
j=1

Solving the first 2 equations above yields Ei
exp[+i [ dak(x)]/k*/?. The WKB version of the con-
servation law associated with Eq.(1) can be written
(InP) = —2Im(k) where P = Im(E « E’) = Re(k)|E[*.

Reinserting Eqs.(3-5) into Eq.(1) shows that the
WKB solution is a good approximation if [3/4(k’/k)? —
1/2k” /k| << |k?| i.e. that the WKB ordering is justi-
fied when short wavelength waves are studied but that
it breaks down near cutoffs (k = 0) and resonances or
confluences (k' = 00).

Ray tracing is the multidimensional equivalent of
the above scheme. Using the geometric optics definition
k= V1 of the wave vector (¢ being the wave phase)
the lowest order wave equation is

GE,=kxkxE,+kKE,=0 (6)

This is the Fourier transformed wave equation for a
homogeneous medium. Nontrivial solutions exist when
the dispersion equation D = det(G) = 0 is satisfied.
The different dispersion equation roots and their eigen-
vectors correspond to the different decoupled waves the
plasma supports. The evolution of these waves is visu-
alized via the method of characteristics. The character-
istics or rays, by definition, are given by the equations

dZ/dr = —0D 0k (7)
dk/dr = +8D 0z (8)
where 7 is a variable that changes monotonically along
the rays. Note that when the dispersion is satisfied in
one point on a ray, it is satisfied in all others. The
variable 7 can be linked to the physical time ¢ through

the transformation dt = dD/dwdr. The ray equations
then become

dZ/dt = dw Ok (9)
dk/dt = +]0D /0] /[0D ] (10)

The first equation states that the ray’s velocity is the
energy propagation or group velocity ¥, = Jw/ Ok and
the second shows how the wave vector changes as a
result of the background variations sensed by the ray.
The ray equations can, strictly spoken, only be adopted
when the plasma is lossless: as soon as dissipation is
present D is complex so the ray path is no longer a real
trajectory. To overcome this problem the damping is
assumed to be weak such that the anti-Hermitian part
K# of the dielectric tensor is of order § compared to
the Hermitian part K” which allows to replace D by
DH in the above equation. A power transport equa-
tion, dinP/dt = [dInP/dZ).[dZ/dt] = —2Im(k).T,, ge-
neralization of the earlier mentioned conservation law,
is added to the system (see e.g. [7]).

The WKB approximation is very useful when the
wavelength of the waves is short w.r.t. the machine size.
The fact that it breaks down near cutoffs, confluences
and resonances is, however, a drawback limiting the ray
tracing method’s applicability. To overcome such pro-
blems one can try to solve the wave equation without
making any a-priori assumptions on the dependence of
E on #. In the next two sections we discuss how dif-
ferential equations or partial differential equations can
be solved by transforming them into algebraic ones.

III. THE FINITE DIFFERENCE METHOD

Of all methods to tackle partial differential equa-
tions, the finite difference approach is probably the one
that is most easily implemented. It is frequently used,
both for studying wave and particle dynamics. It con-
sists in replacing the partial differential operators in
the equation and the boundary conditions by their fi-
nite difference counterparts. Doing so at each of the in-
ner grid points and imposing the boundary conditions
at the edge points, the differential problem is hereby
reduced to an algebraic one that can be solved using
standard matrix algebra techniques. Because the finite
difference formulae only involve a small number of va-
lues of the unknown function at neighbouring points,
the matrices of the algebraic system are sparse. Dedi-
cated algorithms accounting for this allow to save pre-
cious CPU time. Finite difference expressions for the
various operators can be taken off the shelf (see e.g.
[8]) or be auto-constructed from the truncated Taylor
series expansion

N A n N
G~y C(@ =) _ S oGy) (1)

where x, is the point for which the N-point difference
scheme is constructed, and the coefficient G,, can be



identified with the n-th derivative of G at x, if n — oo
and if x is sufficiently close to xz,. The values of the
function at z, and at N neighboring grid points are
used to write down a linear system of N 4 1 equations
for finite difference approximations of up to the first
N derivatives at z,. Non-uniform grids are automati-
cally accommodated for but the best performance for
a given number of points is obtained using a uniform
grid centered on x,. Invoking more neighbors allows
eliminating lower order contributions in the expansion:
The 2-point forward scheme for the first derivative is of
first order. Including the backward contribution allows
to compensate the first order contribution and results
in a second order accurate scheme. Doing the same
for the next neighbors yields the third order scheme
(G_2 —8G_1 +8G11 — G12)/12Ax for the first deriva-
tive, etc.

A. Stability of finite difference schemes

Lacking sufficiently general theorems, stability
analysis of a numerical scheme is often done by trial
and error. The diffusion equation A(Z,t) = /0t
can be solved analytically and is sufficiently simple to
perform the stability analysis for various finite diffe-
rence schemes. Let us start from the 1-D version and
impose Dirichlet conditions ¢ =0 at x =0 and z = 1,
and ¥ = ¥,(x) at t = 0. Through Fourier analysis one
finds ¢ = Y72, agexp|—k*t|sinlkz], the Fourier coef-
ficients aj in which are those of v¢,. Note that high
k-modes disappear fast from the exact solution when
time advances. Morton and Mayers [9] examined the
numerical stability of various finite difference schemes
for this equation by adopting a uniform grid in both
x = jAz and t = nAt, and introducing the amplifica-
tion factor A to study the evolution of the numerically
obtained kth Fourier mode

Vi = N'ewplikjAx] (12)

For the explicit forward scheme

n+l _ n 2,/n
Vi = iy (13)
in which v = At/Az? and 629" = 7 — 207 + 7,

one finds A = 1 — 4vsin?kAxz/2. Hence, when v > 0.5
this solution numerically grows in time, although none
of the actual solutions does! The fastest growing mode
is characterized by a phase jump of 7 in between succes-
sive grid points. It eventually dominates the numerical
solution. As the spatial grid scale is determined by
the spatially fastest varying modes in the differential
system, one is forced to make sufficiently small steps
in time to avoid these unphysically growing solutions.
To avoid having to take too small time steps, implicit
rather than explicit schemes are adopted. Replacing

the forward difference by a backward difference in the
above we obtain the scheme

i+ (L 20yt -t =gr (14)
In contrast to the forward scheme, time stepping now
requires the inversion of a matrix. This extra amount
of work pays off, however: when substituting Eq.(12)
for 1, one finds that A is of the form A = 1/[1 +
4usin?kAz/2]. Since 0 < |\| < 1 for any v, this scheme
is unconditionally stable.

The above two schemes either use 3 points at the
previous time level, or 3 at the new time level. A
straighforward generalisation consists in using all 6 of
these points i.e. in adopting the scheme

W gl = 02 (1 082" (1)

which is known as the #-method. This scheme is con-
ditionally stable if § < 1/2 and unconditionally sta-
ble if 1/2 < 6 < 1. The first regime imposes that
v < 0.5/(1 — 20) while v is unconstrained for the se-
cond. Whereas the difference scheme is usually of first
order in time, the scheme is second order accurate both
in position and time when § = 1/2. This particular
scheme is due to Crank and Nicolson.

It seems natural to try to extend the methods that
worked best in 1D when higher-dimensional equations
have to be solved. Consider e.g. the 2D-extension of
the Crank-Nicolson scheme

(1-1/20502—1/20,62) "t = (141/2v,62+1/21,67 )"

(16)
Although the method is still unconditionally stable, one
may wonder if the computational effort to invert the
large matrix multiplying the ¢ values at the next time
step is not excessive. In case the coefficients of the
considered equation have no temporal dependence (as is
the case for the here treated simple example), inverting
the left matrix and multiplying the right matrix with
its inverse once and for all is often worthwhile. If that
is not the case, schemes that do not require inversion of
the big matrix may be looked for. One example is the
2-step method

(1= 1/20,82) "2 = (1 + 1/20,62)y"  (17)
(1—1/20, 000" = (14 1/2v,02)0" /2 (18)

which is equivalent to the Crank-Nicolson method ex-
cept for product terms of central differences but which
only involves matrix inversion in 1 dimension at a time.
The schemes unconditional stability follows from

\ o (1 — 2u,sin’k, Az /2)(1 — 2v, sin’k, Ay/2) (19)
(1 + 2upsin2k, Az /2)(1 + 2v, sin2k, Ay/2)




the amplitude of which is always smaller than 1.
B. Practical example

Applying a finite difference scheme to the time de-
pendent Fokker-Planck equation yields a system of the
form

oX/ot=AX —b (20)

in which the contributions not involving F,, are grouped
in the source term b and the values of F, at the grid
points are stored in X. When adopting the Crank-
Nicolson method, the algebraic system takes the form

X(t+At)2)=C'.d (21)
C=1— At/2A (22)
d=[1+At/2A].X(t — At/2) — Ath (23)

If A is time independent, the C matrix can be inverted
once and for all. The source d has to be updated at
each time step, independent of the actual source term
b being independent of time or not.

IV. THE FINITE ELEMENT METHOD

A. Variational techniques

Requiring somewhat more preparation and book-
keeping than the finite difference method but allowing
a better control on the overall numerical error, the finite
element method is probably the most robust numerical
technique for solving differential or integro-differential
problems. To discuss this technique, we will again fo-
cus on Eq.(2). The finite element technique relies on a
variational principle [10, 11]. Consider the functional

IE) = / b dz[—-E? + K*E?] + 5 (24)

x1

S = AsE%(5) + BoE(x) — A1E2(21) — B1E(z1) (25)

Allowing for a small variation of E, one observes that
the linear perturbation of the functional is stationary
for the function E obeying Eq.(2) and satisfying the
boundary conditions

EI(LL'LQ) = A1’2E(!E1’2) + B1’2/2 (26)

The Ritz approach to solve the equation consists
in writing E in terms of a set of base functions E(x) =
E}le ¢;0;(z) and imposing I to be stationary for all j:
0I/0c; = 0. Provided the integrals involving the base
functions can be evaluated, this reduces the problem
of integrating the wave equation to solving the (linear)
system for the ¢;. Although base functions allowing to
evaluate the integrals over the full domain exist (see

section V), one often prefers to subdivide the interval
[21,x2] into a large number N of sub-regions and to use
low order polynomials with restricted range such that
the integrals can be approximated e.g. using the inte-
gration method of Gauss [8]. When J base functions
are considered in each interval, a total of NJ linear
equations for the NJ unknown coefficients is obtained
by imposing all stationarity conditions. In case the
grid is so dense that coeflicients of the original equa-
tion hardly vary in a single finite element, their varia-
tion can be omitted altogether and the integrals only
involving base functions can then be done once and for
all.

The Ritz approach seems cumbersome as prior to
actually solving the equation, one first needs to find
the functional I and derive the stationarity condi-
tions. These 2 steps can be omitted when adopting the
Galerkin approach, which consists of multiplying the
differential equation with each of the base functions 6,
and integrating over the domain of interest. The resul-
ting system is again a linear system that can be solved
to find the ¢;. The disadvantage of this strong approach
is that the ©; need to have meaningful nth derivatives
for an nth order equation. Lower order polynomial base
functions can be chosen when tackling the problem in
its weak form i.e. after removal of the highest order
E-derivative terms from the integrand by performing
partial integrations. Imposing the boundary conditions
via the surface term, one readily finds that the weak
Galerkin approach is equivalent to the Ritz approach.

B. Natural vs. essential boundary conditions

Natural boundary conditions can directly be de-
rived from the weak variational form of the equation.
The strong form is obtained by multiplying the equa-
tion by a sufficiently smooth test function G and inte-
grating it over a finite interval. Partial integration is
used to remove higher order derivatives from the un-
known function and ”transfer” them to derivatives of
the test function. For a 1D differential equation of order
n, n/2 derivatives can be removed from the unknown.
The surface terms arising from these partial integra-
tions involve the test function itself as well as its higher
order derivatives up to n/2. Choosing a test function
with only 1 nonzero mth derivative (0 < m <n/2—1)
at one of the two edges provides a set of n/2 natu-
ral boundary conditions at each edge, corresponding to
"fluxes” entering or leaving the domain of interest. Im-
posing these at the two edges provides the exact number
n of boundary conditions to uniquely define the solu-
tion (see e.g. [12]). Natural boundary conditions are
intimately connected with the equation. Deriving the
natural boundary conditions of the Laplace equation in
the domain (z; < <o, y1 <y <y2,21 <2< 29) by



multiplying the equation by a test function G, integra-
ting over the volume, performing a partial integration
and identifying G = 1, one finds

o o o
dydz 2272 4 [ dedz 222 4 [ dedy 22|z =
[ vzt + [ anazZh + [yl —o

(27)
imposing that the imposed Neumann boundary condi-
tions should be consistent with the equations i.e. that
they must guarantee that the net influx balances the
net outflux, no damping being present.

Boundary conditions imposed on lower order (<
n/2) derivatives cannot be derived from the equation
itself, and cannot be imposed via the surface term. To
impose such conditions another procedure is required.
One common solution is to choose the base functions
in such a way that the conditions in question are auto-
matically fulfilled. Because of their more basic nature,
the second type of boundary conditions is known as
essential conditions.

To solve a differential equation, we transformed it
into a linear system. When the original equation is
an integro-differential instead of a differential equation,
exactly the same method can be used, the only diffe-
rence being that also integrals of products of base func-
tions and not just derivatives appear inside the varia-
tional integral. In that case, the linear system is gener-
ally not sparse.

C. Numerical pollution

The finite element technique relies on the local ap-
proximation of the solution of an equation by a sum
of simple base functions. Aside from truncation errors
which automatically creep into the system, such ap-
proximations can lead to numerical pollution i.e. to
the excitation of modes lacking a physical counterpart.
The vacuum wave equation

(k7 = ko) Ex + ik B = 0 (28)
(k3 —k)Ey — E,” =0 (29)
ik, El, —k.E, — E.” =0 (30)

suffices to demonstrate this effect [13]. In either of
the above, it can be noted that E, plays a different
role than E, or E,: the highest order derivative of
FE. appearing in the system is one order lower than
that for £y, and E,. Knowing that the exact solu-
tions of the vacuum wave equation are proportional to
explikya] where kI = k3 — k7, we make the ansatz
E@) = >_jexplikyz;]if; where the z; are the grid
points and 17j; the vectors of base functions. The dis-
cretized dispersion equation is the condition for having
nontrivial solutions. Adopting the obtained equation
for linear base functions, Sauter demonstrated that the

physical root is well approximated by two of the numeri-
cal dispersion roots when the grid is sufficiently refined
(small enough k,Az) but that the agreement is less
good when k,Ax well exceeds 1. A third, purely nume-
rical, root further spoils the solution. Reminding that
FE, is differentiated one time less in the wave equation,
Sauter subsequently considered constants for E, while
using linear functions for E, and E.. Although one
expects intuitively that such cruder procedure would
lead to less accurate results, he demonstrated that the
solution is now no longer polluted. One might hope
that the spectral pollution problem automatically re-
solves itself when a more refined description (higher or-
der polynomials as base functions) is used. It turns
out that this is not the case. One finds exactly the
same problem when using higher order polynomials for
all components. Again, pollution can be removed choo-
sing polynomials for F, which have 1 degree of freedom
less than those taken for Ey and E,. Adding finite Lar-
mor radius (temperature) effects to the wave equation
destroys the special role E, plays and eliminates this
particular problem of pollution.

V. SPECTRAL METHODS: DIRECT FOURIER RE-
PRESENTATION

As the set of exponential functions exp(ikz) is com-
plete, any (sufficiently continuous) function of the vari-
able x can uniquely be represented by its k-spectrum.
In a finite domain [z,,z, + L.|, the coordinate z can
then be related to the angular variable § = 27z /L,
and the spectrum of modes m is discrete. Although
any function can be represented using the exponen-
tial set with a global error that is arbitrarily small,
the spectrum of non-periodic functions decays so slowly
as a function of m that one can wonder if the spec-
tral method is the appropriate tool for tackling pro-
blems involving such functions. At the edge disconti-
nuities, the series will never converge, although taking
enough terms allows to find the correct value up to
very close to the edge (Gibbs phenomenon). When
all functions are periodic, the Gibbs phenomenon is
absent and spectral representation is more appropri-
ate. Consider again Eq.(2), d?v/d6? + M?(0)y = 0,
for convenience rewritten in terms of the angular vari-
able 6. Finding the Fourier spectrum of M2, M?() =

oo M7 explimb), and projecting on the exponential

l=—00

base yields

+oo
P+ Y M =0 (31)
l=—00
for each m in the spectrum. Truncating the spectrum of
the coefficient M? yields a sparse but infinite set of non-
trivial equations to be solved simultaneously. For large



|m| (m? >> M?), the first term dominates the others,
guaranteeing the Fourier series of 1 is convergent and
justifying to truncate the spectrum. Through M?, the
physics of the problem dictates the minimal number of
modes to be retained in the truncated spectrum: For
the simple case of a constant M2, the above equation
prescribes that 1,,, must be zero unless m? = M?2. More
generally, this filtering makes that part of the physics
is not captured by the model if the spectrum is trun-
cated at a too low m-value. A practical example is
the treatment of electron (Landau + TTMP) damping
in the ion cyclotron range of frequencies: the damping
strength being proportional to the square of the local
perpendicular wave number k| , this damping is under-
estimated by a model that does not properly resolve
the Bernstein wave mode, a mode for which k; is of
the order of the inverse of the ion Larmor radius.

The spectral representation is commonly used for
numerical applications posed in finite domains but is,
by its nature, best suited to be adopted in wave pro-
blems. A spectral method in periodic variables is often
combined with a finite element representation in the
non-period variables.

VI. FAST FOURIER TRANSFORM & ALIASING

The spectral method relies on the fact that the
Fourier spectra of the coefficients of the equation are
known. In general the coefficients are known locally,
but the spectrum is not. Finding the poloidal spec-
trum of functions needed to solve the 2-D or 3-D wave
equation in tokamak geometry can be done relying on
the smallness of the minor radius a, w.r.t. to the major
radius R,, by writing out the various terms explicitly
up to a given order in the inverse aspect ratio a,/R,.
This procedure soon becomes cumbersome, however,
and since a, is not so small w.r.t. R,, many terms
in the development should be retained for a reasonable
approximation. In practice, the Fourier components
Fp =5 fo% dfexp[—imb]f(8) of any needed quantity
f are most often evaluated numerically. Adopting a
uniform grid, the Fourier integral is approximated by
the sum F,, ~ %Z;}:l exp[—imjAl) f(jAO); A§ = 2T
This technique is known as the fast Fourier trans-
form (FFT). Note that the predicted value for the mth
Fourier component is identical to that of m —nJ where
n is any integer. This means that the above proce-
dure artificially misrepresents high m-modes by their
lower mode number spectrum counterparts for which
J/2 <m —nJ < J/2, an effect known as aliasing (see
also [14]). To avoid aliasing, the whole spectrum should
fall inside the interval | — J/2, J/2]. The corresponding
grid has at least 2 mesh points per wavelength.

VII. MONTE CARLO AND PARTICLE-IN-CELL
TECHNIQUES

Integration in multidimensional space can be done
efficiently relying on the Monte Carlo technique, which
in contrast to adopting a regular grid uses a set of uni-
formly distributed random points. Adopting this pro-
cedure, the integral of a function in hyperspace is pre-
dicted up to errors of order N~1/2, where N is the num-
ber of randomly generated positions, irrespective of the
number of dimensions (while the accuracy of the pre-
diction made on a uniform grid scales as 1/N 1/d_ where
d is the number of dimensions). In order to simultane-
ously solve the wave and the Fokker-Planck equation,
Hedin developed the SELFO code. He upgraded the
LION wave code [15] to account for the actual drift or-
bits of the particles and for non-Maxwellian distribution
functions by locally approximating the dielectric tensor
using a series of hat functions [16], and interfaced the
resulting code with the FIDO Monte Carlo code [17].
The FIDO Monte Carlo method advances a large num-
ber of test particles in time A(t,11) = A(t,) + AA and
accounts for wave-particle interaction and for Coulomb
collisions assuming the X are stochastic variables whose
expectations F and co-variances C can be inferred from
the orbit-averaged Fokker-Planck equation:

dp;
ElAA] = A 2
CIAA;, AA,] = d;fj At (33)

in which < ... >= deFO... is the ensemble average,
i =< A; > and 035 =< (Az — ,U/Z)(Aj — ,uj) >. The
Monte-Carlo operator becomes

dA; ik 1/2
. At+zk:A & (ALY (34)

AAN; =
' d

in which Y, A%* A% = do;; /dt and where &, are uncor-
related stochastic variables with zero expectation value
and unity variance.

VIII. CONSERVATION LAWS

Conservation laws are often a great help when
checking the precision of a computation. For Eq.(2)
one readily sees that S = I'm[E x dE/dz] is conserved
when k? is real i.e. in absence of damping. When
damping is present the drop in flux S across the con-
sidered interval equals the integrated absorbed power
P.ys = Im(k*)E|?. In differential form the thus ob-
tained conservation law is of the form V.S + P, = 0.
Adopting a variational approach one can formulate the



wave equation in such a conservative form i.e. in a
form which readily yields this conservation law upon
substituting the sufficiently smooth test function vec-
tor by the electric field (see e.g. [18]). The Fokker-
Planck equation is written in the above conservative
form from the start: rewriting it in variational form
(see e.g. [19], one can express the conservation of the
total number of particles (test function G = 1) or of
the energy (G = mv?/2). When the wave and Fokker-
Planck models are consistent one with the other, the
conservation laws of the 2 equations share the expres-
sion for the absorbed wave power (see e.g. [1]).

Of course, conservation laws merely allow to check
the numerical accuracy of a model, but do in themselves
not constitute a check on the correctness or on the ap-
plicability of the model. Aside from performing conver-
gence tests to ensure the shortest scale lengths are well
captured, a-posteriori checks of the assumptions under-
lying the derivation of an equation should be performed:
it is e.g. common to adopt a finite Larmor radius (FLR)
expansion to include temperature effects but one rarely
discards the predictions on the fate of the power carried
by the short wavelength (Bernstein) modes away from
the (confluence) region, notwithstanding the fact that
the wave violates the starting FLR assumption ...

IX. DECIDING ON A NUMERICAL STRATEGY

The speed and memory size of present day comput-
ers allow to pursue a high degree of realism in physics
models. Because of this high level of sophistication,
it is crucial to be able to distinguish between actual
physics and numerical artefacts. Jaun and collabora-
tors have developed a very didactic, interactive and flex-
ible tool to highlight the perspectives and drawbacks
of various numerical schemes [14]. Existing commer-
cial or freeware software libraries such as IMSL, NAG
and NetLib allow to concentrate on physics instead of
on numerics. In case no ready-made subroutines can
be pulled off the shelf, softwares such as MATLAB and
MATHEMATICA are of great help in constructing ones
own numerical schemes.
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