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ABSTRACT

A complete description of a system in equilibrium
is provided by the Grand Canonical Distribution. But,
systems are generally not in statistical equilibrium. We
shall consider the case of an ideal gaz of charged par-
ticles. The linear theory of transport determines the
3 × 1 matrix of dissipative fluxes Ĵr namely, the elec-
tric current and the electronic and ionic heat fluxes,
in terms of a 3 × 1 matrix of thermodynamic forces
X̂ defined by the electric field and the gradient of the
densities and temperatures. The components of the
3 × 3 matrix of tensors L̂rs of the linear flux-force re-
lations Ĵr =

∑9
s=1 L̂rsX̂ define the set of transport co-

efficients. They are evaluated for an ion-electron mag-
netized plasma in the framework of the statistical me-
chanics of charged particles starting from the Landau
kinetic equation.

I. INTRODUCTION: TRANSPORT IN A CLASSI-
CAL GAZ

Each particle of an ideal gaz moves independently.
Thus, the total distribution function is the one-particle
distribution function. It is therefore enough to estab-
lish a non equilibrium distribution for a single parti-
cle. Boltzman proposed to find the distribution func-
tion from an equation similar to the Liouville equa-
tion. The state of a particle is given by its three coor-
dinates (x, y, z) and the three momentum components
(px, py, pz). We can work in a 6−Dim space of cartesian
coordinates r and velocity v. The classical distribution
function f(r,v) is then defined as

f(r,v) = nbr of particles in vol. element drdv . (1)

In absence of collision, the Liouville theorem says that
the distribution is conserved in time as the volume ele-
ment evolves along a flowline:

f(r + dr,v + dv) = f(r,v) . (2)

In presence of collisions:

f(r + dr,v + dv) − f(r,v) = dt

(

∂f

∂t

)

coll

. (3)

A first order expansion of this equation leads to the well
known Boltzman transport equation:

∂f

∂t
+ v · ∇rf + a · ∇vf =

(

∂f

∂t

)

coll

, (4)

where a denotes the acceleration dv/dt. The role of the
particle collisions is to restore the equilibrium which
was perturbed by the external forces. Assuming that f
does not vary greatly from its equilibrium value f0, the
collision term can be written (τ -approximation) as:

(

∂f

∂t

)

coll

= −
(

f − f0

)

τ
, (5)

where τ is the relaxation time depending in general
on r and v. We often have to consider an isothermal
system with a gradient in the particle concentration
(density). The steady state Boltzman equation in the
τ -approximation then reads

vx
df

dx
= −

(

f − f0

)

τ
. (6)

The non-equilibrium distribution function f varies in
the x-direction. To first order, with ∂f/∂x replaced by
∂f0/∂x, we find

f1 ≈ f0 − τ vx
df0

dx
. (7)

In the classical limit

f0 = exp−(E − µ)/kT , (8)

where µ is the chemical potential. Then,

f1 ≈ f0 − τ vx
df0

dµ

dµ

dx
. (9)
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The density of flux of particles jx in the x-direction is

jx =

∫

vx f dvx = −dµ

dx

∫

τ v2
x

kT
f0 dvx . (10)

In general τ = A vs with s = 0,−1,−2, .... When τ is
independent of vx (s = 0), we have

jx = −dµ

dx

2τ

mkT

∫

mv2
x

2
f0 dvx = −dµ

dx

2τ

mkT

nkT

2
(11)

where n =
∫

f0dvx. Since µ = kT lnn+cst, the isother-
mal diffusion (flux) appears to be induced by the den-
sity gradient (force) through the well known a Fick’s
law:

jx = −dµ

dx

nτ

m
= −D

dn

dx
, (12)

where the diffusivity D (transport coefficient) is :

D = τ
kT

m
. (13)

When s = −1, τ ≈ 1/v = l/v where l is the mean free
path, a Fick’s law is again obtained with a diffusivity
D = 1

3 l c̄. We now turn to a more systematic method
for determining the transport coefficients. This method
should be able to deal correctly with coulomb collisions
between the charged particles constituting the plasma
and with strong but uniform magnetic field.

II. STATISTICAL DESCRIPTION OF A PLASMA

We restrict ourselves to the study of a quiescent

fully ionized plasma of electrons of charge ee = −e and
of positively charged ions which can be nuclei of hy-
drogen or of one of its isotope, deuterium or tritium of
charge ei = +Ze. Here e is the absolute value of the
charge of the electron. The electron-to-ion mass ratio is
approximately 1/1836 = 5.45 × 10−4. We thus assume
that µ = me/mi << 1 and neglect all quantities that
are of order µ. The total number of particles of species
α will be denoted by Nα. In a fully ionized plasma, i.e.

in absence of ionization and recombination processes,
these numbers are constant in time for both species.
Assuming the plasma is globally neutral the total neg-
ative charge of the electrons exactly compensates the
total positive charge of the ions, Ne = Z Ni. The total
number of particles is N =

∑

α Nα.
Each macroscopic quantity Bα(x, t) is an average

of a corresponding microscopic quantity bα(q,v;x), the
process of averaging being defined by

Bα(x, t) =

∫

dq dv bα(q,v;x)fα(q,v, t) , (14)

where fα is the reduced one-particle distribution func-
tion of the particles of species α. Here bα(q,v;x) can
be any function of the phase space.

The plasma is assumed to be weakly coupled (a
situation which arises when the number of particles ND

in a sphere of radius equal to the Debye length λD is
much larger than one: ND >> 1; this condition can
be met either for very low densities or for very high
temperatures) and that a kinetic regime exists (the two-
body correlation function gαβ reduces to a functional
of the reduced one-particle distribution function). The
reduced one-particle distribution function then satisfies
a kinetic equation:

∂tf
α(v,x, t) = Φα + Fα + Kα , (15)

where Φα = −v · ∇fα is the free flow term, Fα is the
Lorentz force produced by the self-consistent and by
the external electro-magnetic fields. The last term Kα

is the collisional contribution which is assumed to be of
the Landau form [1]:

Kαβ = 2πe2
αe2

β ln Λ

∫

dv2 m−1
α

∂

∂v1r
Grs(∆v) ×

(

m−1
α

∂

∂v1s
− m−1

β

∂

∂v2s

)

fα(1)fβ(2) , (16)

where ∆v = v1 − v2 and the Landau tensor Grs(a) is
given by

Grs(a) =
a2δrs − aras

a3
. (17)

The Coulomb logarithm ln Λ depends on both the elec-
tron and the ion temperatures:

ln Λ = ln
3
2 (Te + Ti)λD

Ze2
. (18)

The characteristic time of the like-particle collision
terms or relaxation times are defined as usual by

1

τe
=

4
√

2π

3

Z2e4ni ln Λ

m
1/2
e T

3/2
e

, (19)

τi = µ−1/2Z−2
( Ti

Te

)3/2
τe . (20)

The collision operator (16) has some important prop-
erties. First, as expected from the kinetic theory, it
is a functional of the reduced one-particle distribution
function. Second, it conserves the number of particles
of each species, the total momentum and the total en-
ergy (the 5 collisional invariant). Thus

∫

dv1 Kα = 0, α = e, i (21)

∑

α

mα

∫

dv1 v1r Kα = 0, r = 1, 2, 3 (22)

∑

α

1

2
mα

∫

dv1 v2
1 Kα = 0. (23)
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Recalling the collision operator is a sum of two terms,
it is easy to show that like-particle collisions separately
conserve the number, the momentum and energy of the
particles of species α. If ψ = 1, vr, or v2, we have

∫

dv ψKαα = 0. (24)

Unlike-particle collisions satisfy the following properties

∫

dv1 Kei =

∫

dv1Kie ,

∫

dv1 mev1rKei = −
∫

dv1 miv1rKie ,

∫

dv1 mev
2
1Kei = −

∫

dv1 miv
2
1Kie . (25)

The unlike-particle collision terms can be rewritten as

Kαβ =
2πZ2e4 ln Λ

m2
e

∂1rΦ
αβ
r , (26)

with

Φei
r =

∫

dv2 Grs(∆v)(∂1s − µ∂2s)f
e(v1)f

i(v2) ,

Φie
r = µ

∫

dv2 Grs(∆v)(µ∂1s − ∂2s)f
i(v1)f

e(v2) ,

where ∂1s = ∂/∂v1s. Because Φie
r is proportional to µ

which is very small, the ion-electron collision terms will
be neglected. We now assume that the thermal veloc-
ity of the electrons ue is much larger than the thermal
velocity of the ions ui. We also assume that the dif-
ference between the ion and electron mean velocity is
much smaller than the electron thermal velocity:

|uei| ≡ |ue − ui| <<
(

3
Te

me

)1/2
. (27)

In such conditions the unlike-particle collision terms
can be ”expanded” starting from a zero-order Lorentz
gaz approximation of the plasma where the electrons
collide with heavy stationary ions. For this reason, the
expansion procedure first proposed by Braginskii [2] is
named Lorentz process in [3]. The Landau tensor is
first written as

Grs(v1 − v2) = Grs[(v1 − ue) − (v2 − ue)] . (28)

We now note that on average (v2 − ue) << (v1 − ue).
The Landau tensor Grs can now be expanded in a Tay-
lor series:

Grs(v1 − v2) = Grs(v1 − ue) (29)

− (v2n − ue
n) ∂1nGrs(v1 − ue) + ...

With this expansion the electron-ion collision operator
(26) becomes

Φei
r = ni [Grs(1) + uei

n ∂1nGrs(1) + ...]∂1sf
e(v1)

− µni [∂1sGrs(1) + ...]fe(v1) . (30)

It is now much simpler to show that the electron and
ion temperatures are quasi-collisional invariant quan-
tities i.e. the contributions of the collisions in their
equations of evolution can be neglected (in the case of
the electron-temperature it is the ion-electron collisions
which are negligible, whereas in the case of the ion-
temperature the collisional contribution is non-linear in
the moments and thus beyond the scope of the linear
theory developed here). The ion momentum, contrarily
to the electron momentum, is not a collisional invari-
ant quantity. As a result, the electric current is not a
collisional invariant.

III. ORDERING OF THE CLASSICAL THEORY OF
TRANSPORT

The characteristic times (inversed here) we have to
consider are

τ−1
Tα

≡
( Tα

mα

)1/2 1

Tα
|∇Tα|, τ−1

ρ ≡
( Te

me

)1/2 1

ρ
|∇ρ|,

τ−1
u ≡ |∇u|, τ−1

E ≡
(me

Te

)1/2 e

me
E. (31)

By definition, the hydrodynamical time τH will be the
smallest of all these times. The classical theory of trans-
port assumes that the ratio of the collision time to the
hydrodynamic time is very small: τα/τH << 1. The
plasma is thus assumed to evolve on two well separated
time scales, a fast one on the collision time scale and a
slow one on the hydrodynamical time scale.

IV. DERIVATION OF THE TRANSPORT EQUA-
TIONS

The most important moments (polynomials in the com-
ponents of the velocity) of the distribution function
(rdf) are the local number density, the flux of particles

and the total kinetic energy density. They are respec-
tively given by

nα(x, t) ≡
∫

dvfα(x,v; t) , (32)

Γα(x, t) ≡ nαuα(x, t) =

∫

dvvfα(x,v; t) , (33)

nαEα(x, t) ≡ 1

2

∫

dvv2fα(x,v; t) . (34)
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The moments introduced here define the two-fluids de-

scription of the plasma.

A. The local plasma equilibrium state

We now consider the separation of the dynamics in slow
and fast processes: like-particle collision processes are
fast processes compared to any of the other processes:
unlike-particle collisions and hydrodynamical processes.
The electron-electron and the ion-ion collisions bring
the plasma in a short time to a state of local plasma

equilibrium, defined by the equations

Kee = 0, Kii = 0 . (35)

The local distribution functions solutions of these equa-
tions are

fα0(v,x, t) = nα(x, t)

(

mα

Tα(x, t)

)3/2

φα0(c,x, t) , (36)

where

c =
(mα

Tα

)1/2
[v − uα(x, t)] , (37)

and φα0 is a Gaussian

φα0(c,x, t) = (2π)−3/2 exp(−c2) . (38)

B. The moment representation

The state of the plasma, after a short transition
time, remains close to the local plasma equilibrium.
For this reason, the local plasma equilibrium is called
a reference state. The distribution functions can then
conveniently be written in the form

fα(v,x, t) = fα0(v,x, t)
[

1 + χα(v,x, t)
]

, (39)

where fα0 is the distribution function (36) of the refer-
ence state. The functions χα(v,x, t) represent the de-
viation of the local distribution functions fα from the
distributions of the reference state. We have seen that
the local plasma equilibrium distribution function de-
pends on five parameters nα, uα and Tα. If the plasma
is in a state of local equilibrium, these parameters co-
incide precisely with the two-fluid variables. In an ar-
bitrary state this coincidence not necessarily holds. It
is however possible to construct a representation (39)
in which the five parameters are the exact values of the
density, velocity and temperature. This implies

∫

dvfα =

∫

dvfα0 = nα

∫

dvvrf
α =

∫

dvvrf
α0 = nαuα

r (40)

1

3
mα

∫

dv|v − uα|2fα =

=
1

3
mα

∫

dv|v − uα|2fα0 = nαTα (41)

These conditions are constraints on the deviations χα:
∫

dvfα0χα = 0,
∫

dvfα0vrχ
α = 0 and

∫

dvfα0v2χα =
0. They represent a characteristic feature of the
Chapman-Enskog method [4]. The main problem is
now to find an approximate solution for the unknown
functions χα. The basic idea is to expand the functions
χα in a series of orthogonal polynomials. The kinetic
equation then provides a series of equations for the coef-
ficients of the expansion [5]. Recently, a 3-dimensional
expansion in irreducible tensorial Hermite polynomials
was proposed by Balescu [3].

The unknown functions are expanded in irreducible

tensorial Hermite polynomials denoted by H
(m)
r1...rq

(c):

χα(c,x, t) =

∞
∑

n=0

hα(2n)(x, t) H(2n)(c)

+

∞
∑

n=0

hα(2n+1)
r (x, t) H(2n+1)

r (c)

+

∞
∑

n=1

hα(2n)
rs (x, t) H(2n)

rs (c) . (42)

The subscripts are vectorial or tensorial indices whereas
the superscripts give the order of the polynomials. The
coefficients h...

... are called the Hermitian moments of
the distribution function. They are classified in scalar
Hermitian moments hα(2n) (corresponding to the poly-
nomials H(0) = 1, H(2) = 1√

6
(c2 − 3), ...), vectorial

Hermitian moments h
α(2n+1)
r (corresponding to the vec-

torial polynomials H
(1)
r = cr, H

(3)
r = 1√

10
cr(c

2 − 5),

...), traceless tensor Hermitian moments h
α(2n)
rs (cor-

responding to the traceless second rank polynomials

H
(2)
rs = 1√

2
(crcs − 1

3c2), ...), and so on. The moments

are related to the original function by

hα(m)
r1...rq

(x, t) =

∫

dcH(m)
r1...rq

(c) φ0(c)χα(c,x, t) . (43)

The equations of evolution of the moments h...
... of the

distribution function are obtained by taking the mo-
ments of the kinetic equation. They thus result from an
integration over c of the product of the kinetic equation
(15) with the corresponding polynomial H ...

... . The mo-
ment method also makes use of the constraints (24). In
the Hermitian moment method, the constraints simply
require that three Hermitian moments are identically
zero for every acceptable deviation χα :

hα(0) = 0, hα(1)
r = 0, hα(2) = 0. (44)
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Two moments h
α(2)
rs and h

α(3)
r have a very impor-

tant physical meaning, the first one is related to

the pressure tensor by πα
rs =

√
2 nαTαh

α(2)
rs whereas

the second one is related to the heat flux by qα
r =

√

5
2 mα

(

Tα

mα

)3/2
nαh

α(3)
r .

The accuracy of the derivation of the transport co-
efficients depends on the truncature of the polynomial
expansion of the distribution function. In the thirteen

moments approximation the moments included in the

expansion are h
α(1)
r ,h

α(3)
r , hα(0), hα(2) and h

α(2)
rs . Thus:

fα(v,x, t) = fα0(v,x, t)
[

1 + hα(3)(x, t) · H(3)(v)

+hα(2)(x, t) : H(2)(v)
]

. (45)

The twenty-one moment approximation also retains the

next higher order vectorial moment h
α(5)
r and trace-

less moment h
α(4)
rs . A final remark concerns the low-

est order vectorial quantities hα(1) which are absent in
the moment method. One of them is formally rein-
troduced through a notation for the current density

jr = ene

(

Te

me

)1/2
h

(1)
r . We recall this quantity is not

a collisional invariant and thus evolves, like the Hermi-
tian moments, on the fast time scale.

C. Equations of evolution of the moments

The equations of evolution of the moments are ob-
tained by taking the moments of the kinetic equation.
These equations are the result of an integration over the
velocities of the product of the kinetic equation with all
the polynomials retained in a given level of truncature.
The results in the 13-moments approximation are listed
below

∂th
(1)
r =

1

τe
g(1)

r − e

mec
εrmnh(1)

m Bn

+Q(1)
r + U (1)

r + C(1)
r + N (1)

r , (46)

∂th
α(3)
r =

1

τα
gα(3)

r +
e

mec
εrmnhα(3)

m Bn

+Qα(3)
r + Uα(3)

r + Dα(3)
r + Cα(3)

r + Nα(3)
r , (47)

∂th
α(2)
rs =

1

τα
gα(2)

rs +
2eα

mαc
Trs|pqεrmnhα(2)

qm Bn

+Qα(2)
rs + Uα(3)

rs + Dα(3)
rs + Cα(3)

rs + Nα(3)
rs , (48)

where the (thermodynamic) source terms g..
.. are given

by

g(1)
r = τe

( Te

me

)1/2( 1

neTe
∇r(neTe) + Fr

)

,

gα(3)
r = −τα

√

5

2

( Tα

mα

)1/2 1

Tα
∇rTα ,

gα(2)
rs = −τα

√
2Trs|pq∇puq . (49)

Here the Lorentz force is denoted Fr = eEr +
e
c εrmnumBn and the symmetrization operator by

Trs|pq = 1
2 (δrpδsq + δrqδsp − 1

3δrsδpq). Let us consider
the first of these moment equations. The different terms
(similar in the other moment equations) are given by

U (1)
r =

√
2
( Te

me

)1/2 1

neTe
∇s[ne(Teh

e(2)
rs − µTih

i(2)
rs )] (50)

C(1)
r = −u · ∇h(1)

r − h(1)
m ∇mur +

1

3
h(1)

r ∇ · u

+

√
2

3
h(1)

r he(2)
mn ∇m[un −

( Te

me

)1/2
h(1)

n ] (51)

N (1)
r =

( Te

me

)1/2[
√

10

6
h(1)

r

1

neT
3/2
e

∇(neT
3/2
e he(3)

m )

+ h(1)
m ∇mh(1)

r − 1

3
h(1)

r T−1/2
e ∇m(T 1/2

e h(1)
m )

]

− 1

3
h(1)

r h(1)
n Q(1)

n (52)

Recalling the main assumption of the classical trans-
port theory, all the ”Up” (containing higher order poly-
nomial) and ”Down” (containing lower order polyno-
mial), the convective and the non-linear contributions
(U ...

r , D...
r , C ...

r and N ...
r respectively) are negligible com-

pared to the source terms, the collision terms (or fric-

tion terms) Q
α(n)
n and the magnetic terms. We recall

the friction terms are made up of two contributions
corresponding to like-particle and unlike-particle col-
lision processes. If ψ represents any moment in the
13-moments approximation, the frictions are given by

Qee
ψ = −3

√
2π

4

ne

Z2ni

1

τe
Qee

ψ , (53)

Qii
ψ = −3

√
2π

4

1

τi
Qii

ψ , (54)

where the dimensionless functions are

Qαα
ψ =

∫

dc1dc2

(∂ψ(c1)

∂c1m

)

Gmn(γ) ×

×
(

∂

∂c1n
− ∂

∂c2n

)

φe(c1)φ
e(c2) (55)

The electron-ion generalized frictions are obtained from
the Lorentz form of the collision operator (30):

Qei
ψ = −3

√
2π

4

1

τe
Qei

ψ . (56)

Finally we recall that the ion-electron generalized fric-

tions, of order µ, are neglected. The linear parts of the
frictions can be evaluated explicitly and reduce to

τeQ
(1)
r = −ce

11h
(1)
r − ce

13h
e(3)
r , (57)

τeQ
e(3)
r = −ce

31h
(1)
r − ce

33h
e(3)
r , (58)

τiQ
i(x)
r = −ci

33h
i(3)
r , (59)

τeQ
α(2)
rs = −cα

22h
α(2)
rs . (60)
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For later reference, we also add the generalized frictions
related to the particle fluxes:

τeQ
e(1)
r = ce

11h
(1)
r + ce

13h
e(3)
r , (61)

τiQ
i(1)
r = − 1

aA

(

ce
11h

(1)
r + ce

13h
e(3)
r

)

. (62)

where

a =
( Ti

mi

me

Te

)1/2
, A =

1

Zµ

τe

τi
. (63)

The numerical factors, which may be depend on the
charge number Z, are : ce

11 = 1, ce
13 = ce

31 = 3/
√

10,
ce
33 = (13 + 4

√
2Z−1)/10, ci

33 = 0.5657, ce
22 = 1.2 +

0.8485Z−1, ci
22 = 0.8485.

D. Linear transport regime and its solution

We have shown that the linear transport equations are
reducible to

∂th
(1)
r − Ωeεrmnh(1)

m bn = Qe(1)
r + τ−1

e g(1)
r ,

∂th
e(3)
r − Ωeεrmnhe(3)

m bn = Qe(1)
r + τ−1

e ge(3)
r ,

∂th
e(2)
rs − Ωe

(

εrmnhe(2)
sm + εsmnhe(2)

rm

)

bn =

= Qe(2)
rs + τ−1

e ge(2)
rs ,

∂th
i(3)
r − Ωeεrmnhi(3)

m bn = Qi(1)
r + τ−1

i gi(3)
r , (64)

where bn = Bn/B and Ωα is the Larmor frequency of
particles of species α. We have assumed here that the
strong magnetic field is of the order of magnitude of the
thermodynamic source terms. Defining the three com-
ponents of a vector a with respect to the magnetic field
b = B/B by a‖ = b(a ·b),a⊥ = b×(a×b),a∧ = b×a

where a‖ is obviously the parallel component of the vec-
tor, a∧ is both perpendicular to the magnetic field and
tangential to the (local) magnetic surface (thus ”perp-
tangential”) and a⊥ is perpendicular to the (local) mag-
netic surface. We get the stationary solution in the form

h(1) =
[

σ̃‖g
(1)
‖ + α̃‖g

e(3)
‖

]

+
[

σ̃∧g
(1)
∧ + α̃∧g

e(3)
∧

]

+
[

σ̃⊥g
(1)
⊥ + α̃⊥g

e(3)
⊥

]

,

he(3) =
[

α̃‖g
(1)
‖ + κ̃e

‖g
e(3)
‖

]

+
[

α̃∧g
(1)
∧ + κ̃e

∧g
e(3)
∧

]

+
[

α̃⊥g
(1)
⊥ + κ̃e

⊥g
e(3)
⊥

]

,

hi(3) = κ̃i
‖g

i(3)
‖ + κ̃i

∧g
i(3)
∧ + κ̃i

⊥g
i(3)
⊥ . (65)

The tensor moments equations will not be given here (a
detailed discussion is however given in [3]). The trans-
port coefficients α̃‖, ... are listed below. We use here a
matricial notation for the collection of parallel, perp-
tangential and perpendicular (radial) components of a
vector y ≡ {y‖, y∧, y⊥}:

σ̃ = { ce
33

De
13

,− xe

Ge
13

(ce2
33 + ce2

13 + x2
e),

ce
33D

e
13 + ce

11x
2
e

Ge
13

} ,

α̃ = {− ce
13

De
13

,
xe

Ge
13

ce
13(c

e
11 + ce

33),

− ce
13(D

e
13 − x2

e)

Ge
13

(ce2
33 + ce2

13 + x2
e)} ,

κ̃e = { ce
11

De
13

,− xe

Ge
13

(ce2
11 + ce2

13 + x2
e),

ce
11D

e
13 + ce

33x
2
e

Ge
13

} ,

κ̃i = { 1

ci
11

,− xi

ci2
33 + x2

i

,
ci
33

ci2
33 + x2

i

} . (66)

Recalling the moments are related to the electric cur-
rent and the electron and ion heat fluxes and the ex-
plicit expressions of the thermodynamic sources (49),
we see that σ̃ is nothing else than the electrical conduc-
tivity. The same type of argument shows that α̃ and
κ̃ are the thermoelectric coefficients and the electron
thermal conductivity coefficients respectively. In (66)
we have used:

xα ≡ Ωατα , Dα
pq = cα

ppc
α
qq − cα2

pq , (67)

and a function of the magnetic field defined as

Ge
13(xe) = De2

13 + (ce2
11 + ce2

33 + 2ce2
13))x

2
e + x4

e (68)

We also note that the dimensional transport coefficients
are obtained from the dimensionless ones by

σ =
e2ne

me
τe σ̃, α =

√

1

5

ene

me
τe α̃,

κe =
5

2

neTe

me
τe κ̃e, κi =

5

2

niTi

mi
τi κ̃i (69)

E. Short comment on the radial transport

Let us assume that (to first order) the macroscopic
quantities like nα0, Tα0, uα0 and Φ0 (the electric po-
tential) are surface functions depending only on ρ in
a toroidal magnetic geometry. They thus satisfy the
equations b · ∇nα0 = 0, b · ∇Tα0 = 0 and b · ∇Φ0 = 0.

The radial components of the vectorial moment
equations (65) reduce to

h(1)
ρ =

[

σ̃⊥g(1)
ρ + α̃⊥ge(3)

ρ

]

,

he(3)
ρ =

[

α̃⊥g(1)
ρ + κ̃e

⊥ge(3)
ρ

]

,

hi(3)
ρ = κ̃e

⊥ge(3)
ρ . (70)

Thus the radial transport in the classical theory of
transport is controlled by the perpendicular transport
coefficients. We now note that the transport coefficients
depend on the poloidal angle only through the magnetic
field. This dependency can be eliminated by a surface
averaging. This operation does not act on the thermo-
dynamic source terms which are surface functions and
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we get

< h(1)
ρ > =

[

< σ̃⊥ > g(1)
ρ + < α̃⊥ > ge(3)

ρ

]

,

< he(3)
ρ > =

[

< α̃⊥ > g(1)
ρ + < κ̃e

⊥ > ge(3)
ρ

]

,

< hi(3)
ρ > = < κ̃i

⊥ > gi(3)
ρ , (71)

where the transport coefficients are now the surface av-
erage of the coefficients given in (66). For comparison
with the neo-classical transport theory we consider the
limit of very strong magnetic field xα >> 1 which are
are readily obtained from (66):

< σ̃⊥ > = ce
11< x−2

e >, < α̃⊥ >= ce
13< x−2

e >,

< κ̃⊥ > = ci
33< x−2

i >. (72)

Thus all the perpendicular transport coefficients are of
order x−2

α thus inversely proportional to the square of
the magnetic field strength (called quasi-linear scaling),
a property which will be recovered in the framework of
the neoclassical transport theory.

F. Discussion and conclusion

In absence of magnetic field, the unperturbed system
is isotropic thus the transport coefficients are scalars:
σ⊥ = σ‖ and as expected σ∧ = 0 (the transport in the
magnetic surface is produced by the magnetic field) and
similar relations for the other coefficients. The trans-
port equations thus reduce to

j = σ‖Ê + α‖(−∇Te), qe = α‖TeÊ + κe
‖(−∇Te)

qi = κi
‖(−∇Ti), πα = ηα

‖ (−ν) , (73)

where Ê is the modified electric field defined by

Ê = E +
1

c
(u × B) +

1

ene
∇(neTe). (74)

This set of equations satisfies the Curie’s principle

which excludes all linear coupling between fluxes and
forces of different tensorial nature. The two distinct
temperatures appearing here result from the small elec-
tron to ion mass ratio µ << 1. In a spatially ho-
mogeneous system, the current is given by the usual
Ohm’s law but the electric field produces a heat flux
qe = α‖TeÊ (the Peltier effect). Another simple situa-
tion arises when there is no electric field and the elec-
trons are in mechanical equilibrium. Then the electron
heat flux is given by the usual Fourier law and the elec-
tron temperature gradient produces an electric current
j = −α‖∇Te (the thermoelectric effect).

In presence of a constant magnetic field all the
transport coefficients are tensors. The 3 × 3 matrix
of transport coefficients has the Onsager symetric form
[6]:

L =





L⊥(B) L∧(B) 0
−L∧(B) L⊥(B) 0

0 0 L‖



 (75)

There appears a privileged spatial direction but the sys-
tem remains isotropic in the plane perpendicular to the
magnetic field. As a result, the transport tensors are
invariant under any rotation around the axis B. The
non-diagonal components of the tensors lead to interest-
ing effects [6]: an electric field in the x-direction induces
a current in the y-direction (Hall effect) whereas a tem-
perature gradient ∇xTα induces a heat flux qα

y (Righi-

Leduc effect). Two other effects are also included: an
electric field Ex produces a heat flux qe

y (Nernst effect)
whereas a gradient of temperature ∇xTe produces an
electric current jy (Ettinghausen effect). It can be seen
from (66) and (67) that the parallel transport coeffi-
cients are independent of the magnetic field. The per-
pendicular coefficients L⊥ are monotonously decreas-
ing functions of B. The perp-tangential coefficients L∧
start from zero, reach a maximum value then decrease
for large magnetic field (or small collision frequency!).

We also observe that in the parallel direction, the
electron and ion heat conductivities scale as κi

‖/κe
‖ =

µ1/2(κ̃i
‖/κ̃e

‖) thus heat is mainly transported by the elec-
trons. In the perpendicular direction, the process is re-
versed as we have κi

⊥/κe
⊥ = µ−1/2(κ̃i

⊥/κ̃e
⊥) and heat in

the perpendicular direction is transported by the ions.
The convergence of the transport coefficients with the
truncature of the expansion in Hermite polynomials is
given in [3]. The theory presented here, which extends
the Grad method to a two component (2-temperature)
plasma, is a necessary step for understanding the neo-
classical transport theory.
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