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ABSTRACT

The classical transport theory is strictly valid for
a plasma in a homogeneous and stationary magnetic
field. In the ’60, experiments have shown that this the-
ory does not apply as a local theory of transport in
Tokamaks. It was shown that global geometric charac-
teristics of the confining elements have a strong influ-
ence on the transport. Three regimes of collisionality
are characteristic of the neoclassical transport theory:
the banana regime (the electronic diffusion coefficient
increases starting from zero), the plateau regime (the
diffusion coefficient is almost independent of the col-
lisionality) and the Pfirsch-Schlüter regime (the elec-
tronic diffusion coefficient again increases with the col-
lisionality).

I. CHARACTERISTIC PARAMETERS

The neoclassical transport theory takes into considera-
tion four basic characteristic lengths:

a) λD the Debye length measuring the effective
range of correlations between the particles;

b) λmfp the mean free path, measuring the average
distance travelled by a particle between two successive
collisions;

c) LH the hydrodynamic length related to the spa-
tial variations of the macroscopic quantities.

The collision-dominated plasma regime is in the
range

λD ¿ λmfp ¿ LH ; (1)

d) As we are considering a magnetized plasma, the
Larmor radius ρL also plays an essential role. Among
the various regimes that may be defined, two are con-
sidered in the neo-classical theory of transport:

1) λD ¿ ρL ¿ λmfp << LH ,

2) λD ¿ ρL ¿ LH < λmfp . (2)

In both cases, we have ρL/λD À 1 which insures the va-
lidity of the Landau collision term and ε ≡ ρL/LH ¿ 1
which is characteristic of the drift approximation. The
neoclassical theory is thus basically a guiding centre
transport theory. Case 1) refers to the short mean free
path regime (collisional regime) whereas case 2) refers
to the long mean free path regime (collisionless regime).

We consider specifically the case of a toroidal ax-
isymmetric magnetic field (see [1]):

B =
R0BP (ρ)

lρ lζ
eθ +

S(ρ)

lρ
eζ . (3)

where BP and S are the effective poloidal and toroidal
magnetic fields respectively, R0 is the distance of the
magnetic axis to the symmetry axis of the torus,
{ρ, θ, ζ} are the toroidal coordinates and {lρ, lθ, lζ} are
the three scaling factors associated to the toroidal ge-
ometry defined by (3). For later use, we define S =
S/(R0BP ). Guiding centre trajectories in this field be-
long to either one of the two categories: the passing
and the banana trajectories (see e.g. [2]).

II. THE KINETIC EQUATION

We assume that the drift regime applies to the whole
plasma. As starting point, we consider the Landau ki-
netic equation adapted to the guiding centre motion.
The kinetic equation is expressed in the guiding centre
coordinates (q,v) → (Y, E , M,Φ) where E is the GC
total energy, M the magnetic momentum and Φ the
gyrophase. We are then allowed to expand the distribu-
tion function (and the kinetic equation) in the guiding
centre parameter ε:

fα = fα
0 + εfα

1 + ε2fα
2 + ... (4)

Finally, an averaging over the gyrophase removes the
fast variations and we get a zero-order GC kinetic equa-
tion which determines the reference state of the plasma

(

∂

∂t
+ Uα · ∂

∂Y

)

f̄α
0 (Y, E , M ; t) = Kα

0 (f̄0, f̄0) , (5)
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and a first-order equation known as the drift kinetic
equation (DKE):

Uα · ∂

∂Y
f̄α
1 + Vα

D · ∂

∂Y
fα
0 = (ναe + ναi)Lαf̄α

1

+ UαNα
‖ fα

0 − UαeαE
(A)
‖

∂

∂E fα
0 . (6)

where ναβ are the collision frequencies, and where
E(A) = −c−1∂tA(Y, t), the drift velocity is Vα

D =
(mαΩα)−1 b ×

(

mαU2
αb · ∇b + M∇B + eα∇Φ

)

, and

the parallel velocity is Uα = 2σmα
−1b

(

E − eαΦ(Y) −
MB(Y)

)1/2
. Here we use the linearized form of the

Landau collision term: Lα is the pitch angle scattering
operator in GC variables:

Lα =
mα

B

(

Uα
∂

∂M
UαM

∂

∂M

)

, (7)

and Nα
‖ (E), a functional of the distribution functions,

are remainder parts of the collision operators.

A. Reference distribution function

We look for a quasi-stationary solution of (5). This
equation is multiplied by |Jα| ln f̄α

0 (Jα is the Jacobian
of the GC transformation) and integrated over the guid-
ing centre variables. Then, going back to particle coor-
dinates, the equation becomes

B · ∇
(

B−1

∫

dv v‖ (ln f̄α
0 − 1)fα

0

)

=

∫

dvKα
0 (f̄0, f̄0) ln f̄α

0 . (8)

This equation has the typical form of a magnetic differ-
ential equation (B · ∇ in the LHS). The left hand side
of (8) can be set to zero by a surface averaging (see
appendix I.A) leaving

<

∫

dv ln f̄α
0 Kα

0 (f̄0, f̄0) >= 0 , (9)

which by comparison with the H-theorem for the Lan-
dau equation leads to the conclusion that Kα

0 (f̄0, f̄0) =
0 and therefore that f̄0 is a maxwellian:

fα(q,v) =
(βα

π

)3/2
nα0(q) Φα(q,v) , (10)

with

βα(q) = mα/2Tα0(q) , (11)

Φα(q,v) = exp
(

−βα|v − uα
0 (q)|2

)

. (12)

This distribution function must be a surface function
and must be independent of the gyrophase Φ. The only
way to satisfy both constraints is to have uα

0 = 0 and

to have nα0, Tα0 and Φ0, functions of ρ only, satisfying
the equations b ·∇nα0 = 0, b ·∇Tα0 = 0 and b ·∇Φ0 =
0. Instead of the kinetic energy E and the magnetic
moment, it might be useful to use the kinetic energy
scaled to the thermal energy (denoted x) and the ratio
of the magnetic moment to the kinetic energy (denoted
λ):

x =
E − eαΦE

Tα
, λ =

M

E − eαΦE
. (13)

The equilibrium distribution and the parallel velocity
then take a very simple form

fα
0 (x; ρ) =

(βα

π

)3/2
nα(ρ)e−x , (14)

Uα(x, λ; θ, ρ) = σβ−1/2
α

√
x
√

1 − λB(θ, ρ) , (15)

where σ is the sign of Uα. Clearly λ cannot exceed
B−1. There exists a λc below which the GC parallel
velocity never vanishes. This domain corresponds to
the passing trajectories. Above λc, the parallel velocity
vanish at the poloidal angle |θ∗|, the tips of the banana
orbit, where B(θ∗, ρ) = λ−1.

B. The drift kinetic equation

The neoclassical transport theory requires - in contrast
to the classical theory - the solution of the DKE (6).
Its solution can be obtained in two regimes: the long
mfp and the intermediate mfp regimes.

B.1 Long and short mean free path regime.

We assume the relaxation time is much longer than the
hydrodynamic time δ ≡ λ−1

H ¿ 1. This small parame-
ter is used to further expand the distribution function
(superscripts between parentheses).

f̄α
1 = f̄

α(0)
1 + δ f̄

α(1)
1 + .... (16)

Because ∂/∂Y is of order τ−1
H , the two first orders in δ

of the DKE are

Uα · ∂

∂Y
f̄

α(0)
1 = −Vα

D · ∂

∂Y
f̄α
0 , (17)

Uα · ∂

∂Y
f̄

α(1)
1 = (ναe + ναi)Lαf̄

α(0)
1

+ UαMα(0)
‖ fα

0 ≡ σα , (18)

where the derivative of fα
0 with respect to E has been

performed leaving Mα(0)
‖ ≡ Nα(0)

‖ − TαE
(A)
‖ /eα.

• The zero-order equation is easily integrated. Use (3),
we get:

f̄
α(0)
1 (E , M, θ, ρ) = −S

∂fα
0 (E ; ρ)

∂ρ

Uα(E , M, θ, ρ)

Ωα(θ, ρ)

+ Ḡ
α(0)
1 (E , M, ρ) . (19)
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The unknown functions Ḡ
α(0)
1 are determined from the

solubility conditions of the first-order DKE.
• The first-order DKE is also a magnetic differential

equation. A solution f̄
α(1)
1 exists whenever the source

term σα of the equation satisfies < σα >= 0. Be-
cause σα depends on the parallel velocity whence on
θ, the passing and the trapped guiding centre trajecto-
ries have to be considered separately (subscripts P and
T respectively). The study of the solubility constraint
leads to:

Ḡ
α(0)
1P = 2Vα(λ, ρ)

√
xGα(x, ρ)fα

0 (x, ρ) , (20)

and Ḡ
α(0)
1T = 0 in the NGC variables {x, λ}. The

functions Vα(λ, ρ) (the averaged parallel velocity) and
Gα(x, ρ) are respectively:

Vα =
σ

2
β−1/2

α B0

∫ λc

λ

dλ <
√

1 − λB(θ, ρ) >−1 , (21)

Gα = −Kα

lρ

τα

fα
0

∂fα
0

∂ρ
− mανα

B0
< BMα > , (22)

where σ = ±1 according to the sign of the parallel
velocity, B0 =< B2 >1/2 is the surface averaged mag-
netic field, Ωα0(ρ) = eαB0/(mαc) is the surface aver-
aged Larmor frequency, τα are the relaxation times and
Kα = S lρ/Ωα0 τα. The functions Gα are only known in
terms of Mα. The distribution function in NGC vari-
ables (keeping only the dominant contributions in the
ε and δ expansions) now reduces to:

f̄α(x, λ) =
β

1/2
α

2π
nα e−x

[

1 + χ̄
α(0)
I + χ̄

α(0)
IIP

]

, (23)

where the deviation to the maxwellian r is a sum of two
terms:

χ̄
α(0)
I (x, λ) =

Sβ
1/2
α

Ωα τα
lρUα(x, λ) × (24)

×
[

gα(1)
ρ − gα(1)A

ρ +

√

2

5

(

x − 5

2

)

gα(3)
ρ

]

χ̄
α(0)
IIP (x, λ) = 2Θ(λc − λ)

√
xVα(λ, ρ)Gα(x, ρ). (25)

Here the Heaviside function Θ(λc−λ) is non zero in the
passing domain. The deviation from the maxwellian
can now be expanded either in irreducible tenso-
rial Hermite polynomials (in the GC coordinates) or
in Laguerre-Sonine polynomials (in the NGC coordi-
nates). The two expansions are inter-related since the
expansion of the total deviation χα defined by

χ̂α(x) ≡ 1

8π
B

∑

σ

∫ B−1

0

dλ

∫ 2π

0

dφ σχα(x, λ, φ;σ)

=
√

x
∑

m

aα
mL3/2

m , (26)

gives h
α(2n+1)
‖ =

√
3 aα

n. Using the Laguerre-Sonine ex-

pansion, the parallel components of the vectorial mo-
ments are easily obtained. With the decomposition

h
α(2n+1)
‖ = h

α(2n+1)
‖ I + h

α(2n+1)
‖ IIP , on the one hand, we

have

h
α(1)
‖ I =

B0

B
Kα(gα(1)

ρ − gα(1)A
ρ ), h

α(3)
‖ I =

B0

B
Kαgα(3)

ρ (27)

which are completely determined since they depend
only on the thermodynamic sources and, on the other
hand, using the truncated Laguerre-Sonine expansion
of Gα(x):

Gα(x) = aα
0 II L

3/2
0 (x) + aα

1 II L
3/2
1 (x) , (28)

we have (n = 0, 1):

h
α(2n+1)
‖ IIP = 2

√

2

3

(

Tα

mα

)1/2
B

B0
fP aα

n II , (29)

where

fP =
3

4
B2

0

∫ λc

0

dλ λ <
√

1 − λB >−1 (30)

(fP = 1 in the case of a straight field). Hirshman and
Sigmar [3] called fP the fraction of passing particles.

The neoclassical theory of transport does not re-

quires the complete solution f
α(1)
1 of the first order

DKE. Only the following quantities are needed:

< B · (∇hα(2)) >=
1√
2

<

∫

dv v2
‖ ξ̄

α(1)
1 > , (31)

< B · (∇h̄α(4)) >=<

∫

dv v2
‖

(

βαv2 − 5

2

)

ξ̄
α(1)
1 > , (32)

where ξ̄
α(1)
1 = (2βα/nα)B · ∇f

α(1)
1 .

Remarkably, using the expansion of Gα(x) given in (28),
they reduce to:

< B · (∇ · hα(2)) >= Z ′

√

1

3

[

µα
11a

α
0 II + µα

13a
α
1 II

]

,

< B · (∇ · h̄α(4)) >= Z ′

√

5

3

[

µα
31a

α
0 II + µα

33a
α
1 II

]

, (33)

with Z ′ = 2B0φfP /τα. The quantity denoted φ is called
the neoclassical factor and is defined by

φ = (1 − fP )/fP . (34)

It is zero for a straight field and is otherwise positive.
It will appear that all the neoclassical transport coeffi-
cients are proportional to φ (using the standard mag-
netic field model, fP ≈ 1 − 1.469

√
η and φ ≈ 1.469

√
η

where η = r/R0). The pseudo-viscosity coefficients are
µi

11 = 0.5328, µi
13 = −0.3953, µi

33 = 0.5543, µe
11 =

1+µi
11/Z, µe

13 = −0.9487+µi
13/Z, µe

33 = −1.3−µi
33/Z.
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B.2 Intermediate mean free path regime.

In the intermediate mean free path regime, the colli-
sions may balance the free streaming term already in
the leading order in (6). In this regime the DKE can
also be solved [6] (for a full discussion see [1]) leading
to

< B · (∇ · hα(2)) >= Z”

√

1

3

[

λα
11a

α
0 II + λα

13a
α
1 II

]

,

< B · (∇ · h̄α(4)) >= Z”

√

5

3

[

λα
31a

α
0 II + λα

33a
α
1 II

]

, (35)

where Z” = 2B0φα∗fP /τα. The plateau factor is de-
fined by

φα∗ =

√
π

4βα
η2 Bθ

lθB0
τα . (36)

The plateau-pseudo-viscosity coefficients are λ11 = 2,
λ13 = λ31 = 0.6325, λ33 = 2.6. These coefficients are
independent of the species.

III. THE VECTOR MOMENT EQUATIONS

The ordering in the case of vectorial moments is as fol-
lows (we consider the two particle fluxes and the two
heat fluxes)

- neglect terms of order ε2 : ∂t

- keep source terms and large magnetic terms
- keep collisional friction term in linear approxima-

tion (other terms are of order ε2 )
- neglect convective and non-linear terms
- keep ”Up” and ”Down” terms which are of order

ε (in the classical theory they were discarded because
they also are of order λH which is no more an expansion
parameter in the neoclassical transport theory).

Compared to the classical transport theory the neo-
classical theory has new source terms coming from the
”Up” and ”Down” terms (see part I). It is for the eval-
uation of these quantities that we need the solution fo
the DKE. The simplified moment vector equations are
conveniently written in a compact form (j = 1, 3):

Ωαταεrmnhα(j)
m bn + ταQα(j)

r +
(

gα(j)
r + ḡα(j)

r

)

= 0 , (37)

where the pseudo-thermodynamic sources (in the mo-
ment equations) [or generalized forces from the point of

view of the transport equations] ḡ
α(j)
r are defined by

ḡα(1)
r = −β

−1/2
α τα

nαTα
∇s(nαTαhα(2)

rs ), (38)

ḡα(3)
r = −β

−1/2
α τα

T
7/2
α

√

2

5
∇s(T

7/2
α hα(2)

rs ) . (39)

We also note the following expressions:

< lζeζ · ḡα(x) >= 0 , (40)

< B · ḡα(1) >= − τα

β
1/2
α

< B ·
(

∇ · hα(2)
)

> , (41)

< B · ḡα(3) >= − τα

(5βα)1/2
< B ·

(

∇ · h̄α(4)
)

> , (42)

where h̄α(4) =
√

7hα(4) +
√

2hα(2). The last two rela-
tions give a link between the averaged quantities (33)
or (35) evaluated respectively in the long mfp and in-
termediate regimes by solving the first-order DKE, and
the generalized forces.

A. Radial components of the moment equations

The radial components of the moment equations
are obtained by multiplying (46) by lζeζ :

Ωαταlζeζ · (hα(x) × b) + ταlζeζ · Qα(x)

+lζ
(

δx,1eζ · gA + eζ · ḡα(x)
)

= 0 . (43)

Here only the contribution E(A) of the classical ther-
modynamic source survives because all the other terms
only have radial components. Recalling the expression
of the magnetic field, the first term becomes

Ωαταlζeζ · (hα(x) × b) =
eα

mαc

R0BP

lρ
τα eρ · hα(x) . (44)

The surface average of the generalized force term van-
ishes according to (40). We are therefore left with

eα

mαc

R0BP

lρ
τα < hα(x)

ρ > + τα < lζeζ · Qα(x) >

+ δx,1 < lζeζ · gA >= 0 . (45)

Going back to the physical coordinates, we get

< hα(x)
ρ > + <

1

Ωα

(

SlρQ
α(x)
‖ + Q

α(x)
∧

〉

+ δx,1 <
1

Ωατα

(

Slρg
A
‖ + gA

∧

)

>= 0 , (46)

where, as before, the definition S = S/(R0BP ) has been
used. This expression shows that the surface averaging
of the radial components of a vectorial moment is the
sum of several terms which are usually classified as fol-
lows:

< hα(x)
ρ > = δx,1DR + CL(x) + NCL(x) (47)

The first term corresponds to the electric drift flux, the
second one relates to the classical flux, and the third

4



one is the neoclassical flux. The three contributions
are (x = 1, 3):

DR = −
√

2 β1/2
α <

cE
(A)
∧

B
> , (48)

CL(x) = − <
1

Ωα
Qαx

∧ > , (49)

NCL(x) = −Slρ <
Q

α(x)
‖

Ωα
+ δx,1(2βα)1/2

cE
(A)
‖

B
>

≡ −Slρ
mαc

eα
< J > . (50)

The expression for the neoclassical term can be reorga-
nized. First, we rewrite:

< J >=<
1

B2
B

(

Q
α(x)
‖ + δx,1

Ωα0

(2βα)−1/2

cE
(A)
‖

B0

)

> . (51)

Second, we use B−2 = ((B−2 − B−2) + B−2). We then
get the following decomposition of the NCL contribu-
tion:

NCL(x) = PS(x) + B(x) [+ δx,1 MDR ] . (52)

where we have the Pfirsch-Schlüter fluxes, the banana
fluxes and the modified drift fluxes defined respectively
by

PS(x) = −Kα
τα

B0
B2

0 <
( 1

B2
− 1

B2
0

)

B · Qα(x) > ,

B(1) = −Kα
τα

B0
< B ·

(

Qα(1) +
Ωα0

(2βα)−1/2

cE(A)

B0

)

> ,

B(3) = −Kα
τα

B0
< B · Qα(3) > ,

MDR = −Kα
ταΩα0

(2βα)−1/2
<

( 1

B2
− 1

B2
0

)

B · cE(A) > . (53)

It is obvious from the expressions given here that the
parallel average electric field must also be considered
as a thermodynamic source. The thermodynamic flux
which is most naturally related to this force is the paral-
lel component of the electric current. The electric cur-
rent decomposes in only two terms: the classical and
the banana contributions

<
B

B0
h

(1)
‖ > = CL + B (54)

B. The perpendicular moment equations

The vector moment equations are projected on the
perp-tangential direction. The resulting equation for
the electric current are

h
(1)
∧ = σ̃⊥

(

g
(1)
∧ − ḡ

e(1)
∧

)

+ α̃⊥

(

g
e(3)
∧ − ḡ

e(3)
∧

)

− σ̃∧

(

g(1)
ρ − ḡe(1)

ρ

)

+ α̃∧

(

ge(3)
ρ − ḡe(3)

ρ

)

.(55)

We have already shown (paper I) that the classical
transport coefficients, denoted here for convenience by
L̃∧ and L̃⊥, scale as follows:

L̃∧ ≈ Ω−1
α = O(ε), L̃⊥ ≈ Ω−2

α = O(ε2) . (56)

We also know the radial components of the thermody-
namic forces are dominant. Thus

gα(P )
ρ = O(ε0), g

α(P )
∧ = O(ε) . (57)

The equation for h
(1)
∧ then reduces to

h
(1)
∧ = −σ̃∧ g(1)

ρ − α̃∧ ge(3)
ρ + O(ε2) . (58)

This result shows that the perp-tangential components
of the fluxes are driven by the radial components of the
thermodynamical sources. All the radial components
of the fluxes are of order ε2. To leading order in ε, we
have: α̃∧ = 0 and σ̃∧ = −(Ωeτe)

−1. The same analysis
also applies to the radial components. In conclusion,
we have:

h
(1)
∧ =

1

Ωeτe
g(1)

ρ , h
α(3)
∧ =

1

Ωατα
gα(3)

ρ . (59)

C. Parallel vector moment equations

We now multiply the vector moment equations (46)
by B and perform a surface averaging:

< ταB · Qα(x) > + < B · gα(x) >

+ < B · ḡα(x) >= 0 . (60)

We note once more that only the contribution of the
electric field in the classical source terms survives the
surface averaging, this term is denoted gα(1)A. Thus

< ταB · Qα(1) > + < B · gα(1)A > + < B · ḡα(1) >= 0 ,

< ταB · Qα(3) > + < B · ḡα(3) >= 0 . (61)

Taking this expressions into account, the banana contri-
butions (53) to the radial vectorial moments are entirely
due to the generalized forces (n = 1 or 3):

B(n) = −Kα

B0
< B · ḡα(n) > . (62)

We now give the explicit form of the quasi-transport
equations. We recall the expressions of the generalized
frictions in terms of the thermodynamic moments (see
classical transport):

ce
11h

e(1)
‖ − ace

11h
i(1)
‖ − ce

13h
e(3)
‖ = g

e(1)
‖ + ḡ

e(1)
‖ ,

−ce
11h

e(1)
‖ + ace

11h
i(1)
‖ + ce

13h
e(3)
‖ = aA

(

g
e(1)
‖ + ḡ

e(1)
‖

)

,

−ce
13h

e(1)
‖ + ace

13h
i(1)
‖ + ce

33h
e(3)
‖ = aA

(

g
e(3)
‖ + ḡ

e(3)
‖

)

,
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and

ci
33h

i(3)
‖ = g

i(3)
‖ + ḡ

i(3)
‖ .

Remarks:
1) The ion moment h

i(3)
‖ is decoupled;

2) The determinant of the electronic equations is
identically zero. There is therefore a solubility condi-

tion which expresses the mutual dependence of h
e(1)
‖

and h
i(1)
‖ :

g
e(1)
‖ + aAg

i(1)
‖ + ḡ

e(1)
‖ + aAḡ

i(1)
‖ = 0 (63)

This condition expresses the vanishing of the total pres-
sure tensor (a condition of mechanical equilibrium).
The solution of the moment equations is

h
(1)
‖ = σ̃‖

(

g
(1)
‖ − ḡ

e(1)
‖

)

+ α̃‖

(

g
e(3)
‖ − ḡ

e(3)
‖

)

,

h
e(3)
‖ = α̃‖

(

g
(1)
‖ − ḡ

e(1)
‖

)

+ κ̃e
‖

(

g
e(3)
‖ − ḡ

e(3)
‖

)

,

h
i(3)
‖ = κ̃i

‖

(

g
i(3)
‖ − ḡ

i(3)
‖

)

, (64)

where the coefficients σ̃‖, α̃‖, κ̃e
‖ and κ̃i

‖ are the parallel

transport coefficients (see classical transport). If the
generalized forces are set equal to zero, the ordinary
parallel transport equations are recovered.

The parallel transport equations can now be surface
averaged:

< Bh
(1)
‖ > = σ̃‖

(

< Bg
(1)A
‖ > − < Bḡ

e(1)
‖ >

)

+ α̃‖ < Bg
e(3)
‖ > ,

< Bh
e(3)
‖ > = α̃‖

(

< Bg
(1)A
‖ > − < Bḡ

e(1)
‖ >

)

+ κ̃e
‖ < Bg

e(3)
‖ > ,

< Bh
i(3)
‖ > = κ̃i

‖ < Bg
i(3)
‖ > , (65)

complemented by the solubility constraint

< Bg
e(1)
‖ > +aA < Bḡ

i(1)
‖ >= 0 . (66)

We now have the expressions for the two components
of the electric current: its classical contribution is
< Bh

(1)
‖ >CL= σ̃‖ < Bg

(1)A
‖ > and its banana con-

tribution is < Bh
(1)
‖ >B= −σ̃‖ < Bḡ

e(1)
‖ > +α̃‖ <

Bḡ
e(3)
‖ > . There is no Pfirsch-Schlüter contribution to

the electric current.

D. Zero-divergence constraints

The geometrical constraints imposed by the mag-
netic field imply some relations between the vector mo-
ments. It can be shown that in a toroidal magnetic

field, the electric current, the particle fluxes and the
heat fluxes have zero divergence:

∇ · j = O(ε2), ∇ · qα = O(ε2), ∇ · Γα = O(ε2),

Let us consider the first of these equations. To domi-
nant order, we have

∇ · j‖ + ∇ · j∧ = O (67)

but because b = B/B and ∇ · B = 0 we also have

B · ∇
(j‖

B

)

= −∇ · j∧ (68)

We recall j∧ is determined by the radial component
of the thermodynamic sources (see (59)). The above
equation thus reduces to an equation determining the
parallel component of the current. The general solu-
tion of this magnetic differential equation (here given
in dimensionless form) is now easily obtained. We get:

h
(1)
‖ = −B0

B
Ke g(1)P

ρ +
B

B0
ω1 ,

h
α(1)
‖ = −B0

B
Kα

(

gα(1)
ρ − gα(1)A

ρ

)

+
B

B0
ωα

1 ,

h
α(3)
‖ = −B0

B
Kα gα(3)

ρ +
B

B0
ωα

3 , (69)

where we have introduced three - yet undetermined - di-
mensionless surface quantities ωα

i . The zero-divergence
constraints provides a partial determination of the par-
allel fluxes of matter and energy in terms of the ther-
modynamic forces.

The surface averaging of (69) gives

<
B

B0
h

α(1)
‖ > = Kα <

(

gα(1)
ρ − gα(1)A

ρ

)

> +ωα
1 ,

<
B

B0
h

α(3)
‖ > = Kα < gα(3)

ρ > +ωα
3 . (70)

The surface averaged parallel components of the vecto-
rial moments where also obtained in (29) and in (65):
• The comparison with (29) gives the coefficients of the
distribution function in terms of ωα

i (x = 0, 1):

aα
x II =

√
3

2
β1/2

α fP
−1 ωα

(2x+1) ; (71)

• The comparison with (65) yields a determination of
ωα

i in terms of the generalized forces:

aωi
1 − ωe

1 + σ̃‖ <
B

B0
ḡ

e(1)
‖ > −α̃‖ <

B

B0
ḡ

e(3)
‖ >

= Ke < g(1)P
ρ > +σ̃‖ <

B

B0
g
(1)A
‖ >

ωe
3 + α̃‖ <

B

B0
ḡ

e(1)
‖ > −κ̃‖ <

B

B0
ḡ

e(3)
‖ >
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= −Ke < ge(3)
ρ > +α̃‖ <

B

B0
g
(1)A
‖ >

ωi
3 − κ̃‖ <

B

B0
ḡ

i(3)
‖ >= −Ki < gi(3)

ρ > (72)

It is clear from (72) that the solution of the first order
DKE is necessary to get the generalized forces in terms
of the classical thermodynamic forces as can be seen by
combining (33) or (35) with (41), (42) and (71) together
with (72).

IV. THE SURFACE AVERAGED RADIAL FLUXES

We shall not discuss the details of the electric drift
flux, which is not a dissipative flux, and of the modified
electric drift flux since they can usually be neglected in
tokamak configurations (they are respectively of order
ε3 and ε4).

A. The classical fluxes.

The classical fluxes are very easily derived. The gen-
eralized frictions are functions of the perp-tangential
vectorial moments which in turn are given in terms of
the radial components of the classical source terms:

CL(1) = − <
1

Ωeτe
(ce

11h
(1)
∧ + ce

13h
e(3)
∧ ) >

= <
1

(Ωeτe)2
>

(

ce
11g

(1)P
ρ − ce

13g
e(3)
ρ

)

,

CLe(3) = − <
1

(Ωeτe)2
>

(

ce
13g

(1)P
ρ − ce

33g
e(3)
ρ

)

,

CLi(3) = <
1

(Ωiτi)2
> ci

33g
i(3)
ρ ,

where we used the fact that the thermodynamic sources
are surface functions.

B. The Pfirsch-Schlüter fluxes.

They are non zero whenever < B2 >−1 6=< B−2 >. We
recall again the expressions of the generalized fluxes:

PSe(1) = −Ke <
(B2

0

B2
− 1

) B

B0
(ce

11h
(1)
‖ + ce

13h
e(3)
‖ ) > .

The parallel components of the vectorial moments were
obtained in terms of the ”poloidal fluxes” which, as well
as the source terms, are surface functions. Thus :

PSe(1) = K2
e <

(B2
0

B2
− 1

)

> (ce
11g

(1)P
ρ − ce

13g
e(3)
ρ )

−Ke <
(B2

0

B2
− 1

)B2

B2
0

> (ce
11(aωi

1 − ωe
1) + ce

13ω
e
3) .

The first term does not contribute as we have the prop-

erty <
( B2

0

B2 − 1
)

B2

B2

0

>= 0. We now recognize the trans-

port equations are similar to the classical ones. Each

PS transport coefficient is exactly proportional to the
corresponding classical transport coefficient. The pro-
portionality constant is a purely geometrical quantity
[5]:

PS =
(

F2 G − 1

G
)

CL (73)

with G =< B2
0/B2 > and F = Slρ/(R0BP ). In the

case of the standard magnetic field the Pfirsch-Schlüter
transport exceeds the classical one by a factor of the
order of 10 (F2 = q2η−2, G − 1 = 2η2, φ = 1.469

√
η

with η = r/R0 and q the safety factor).

C. The Banana fluxes.

One of the most important result obtained so far is the
proof of a linear relationship between the generalized
stress tensor and the poloidal fluxes. We recall that a
comparison of different expressions for the parallel com-
ponent of the moments gives in turn a set of relations
between the generalized stress tensor, the generalized
forces, and the classical thermodynamic forces. The
banana contribution is the following:

Be(x) = Keφ lexE(φ) ĝ
(1)A
‖

+K2
eφ

[

lee
x1(φ)g(1)

ρ + lee
x3(φ)ge(3)

ρ + lei
x3(φ)aAgi(3)

ρ ] ,

Bi(x) = Ke
φ

a
lexE(φ) ĝ

(1)A
‖

+K2
e

φ

a

[

liex1(φ)g(1)
ρ + liex3(φ)ge(3)

ρ + liix3(φ)aAgi(3)
ρ

]

,

B(1) =
1

B0
φleEE(φ)ĝ

(1)A
‖

+
Ke

B0

φ

a
[leE1(φ)g(1)

ρ + leE3(φ)ge(3)
ρ + liE3(φ)aAgi(3)

ρ ] ,

with (x = 1, 3)

lee
11(φ) = D−1

e (φ)(µe
11 + φκeDe

13)

lee
13(φ) = lee

31(φ) = D−1
e (φ)(µe

13 + φαDe
13)

lee
33(φ) = D−1

e (φ)(µe
33 + φσDe

13)

lii33(φ) = D−1
i (φ)Di

13

lei
x3(φ) = lie3x(φ) = di(φ)lee

1x(φ)

lexE(φ) = −leEx(φ) = σlee
x1(φ) − αlee

x3(φ)

li3E(φ) = −liE3(φ) = σlie31(φ) − αlie33(φ)

lEE(φ) = −σle1E(φ) + αle3E(φ) (74)

where

De(φ) = 1 + φ(σµe
11 − 2αµe

13 + κeµe
33) + φ2∆e

13De
13 ,

Di(φ) = µi
11 + φκi∆i

13Di
13, di(φ) =

µi
13

Di(φ)

Dα
pq = µα

ppµ
α
qq − µα

pqµ
α
pq, ∆e

13 = σκe − α2 .(75)
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The dimensionless transport coefficients are obtained
in terms of the neoclassical factor φ. They all start
linearly from the origin and tend toward a limiting value
for large φ. The asymptotic values are easily obtained:
∆e

13 = (De
13)

−1 and De(φ) → φ2De
13/De

13, Di(φ) →
φDi

13/Di
13.

D. The Plateau regime.

The transport equations in the plateau regime are ob-
tained by the following substitutions: the neoclassical
factor φ, a pure geometrical factor as we know, is re-
placed by a dynamical factor φα∗ = 1

4

√
πη2ν−1

α∗ where
ν−1

α∗ is a dimensionless collision frequency and the co-
efficients µα

pq are replaced by the coefficients λα
pq. The

dependence of φα∗ on the collision frequency is very
important: it is responsible for the fact that all the
diffusion transport coefficients are independent of the
collision frequency (thus the name plateau regime).

V. CONCLUSIONS

The neoclassical theory of transport relates four
surface averaged fluxes to four surface averaged ther-
modynamic forces:

Jµ =

4
∑

ν=1

(LCL
µν + LPS

µν + LB
µν) , (76)

with

LCL =









LCL
11 LCL

12 0 0
LCL

21 LCL
22 0 0

0 0 LCL
33 0

0 0 0 LCL
44









, (77)

LPS =









LPS
11 LPS

12 0 0
LPS

21 LPS
22 0 0

0 0 LPS
33 0

0 0 0 0









, (78)

LB =









LB
11 LB

12 LB
13 LB

14

LB
21 LB

22 LB
23 LB

24

LB
31 LB

32 LB
33 LB

34

LB
41 LB

42 LB
43 LB

44









. (79)

We note that they are many more cross-effects in the
banana matrices than in the other classical or Pfirsch-
Schlüter matrices. The general conclusion concerning
the banana regime is the appearance of a neoclassical
factor φ which is approximately the ratio of the number
of trapped particles to the number of passing particles.
For small φ all the banana transport coefficients are
linear in φ. They combine pseudo-viscosity coefficients
and classical coefficients.

The diffusive banana coefficients LB
11, LB

22, LB
33 are

all of the form

Lαα
rr = Ar

nαρ2
α0

τα
F2 φ lαα

rr (φ) , (80)

where A is a real number. They are proportional to
the collision frequency, also a property of the classi-
cal transport coefficients in the limit of large magnetic
fields and of the Pfirsch-Schlüter coefficients. The slope
is however different, in the banana regime there is a
very strong enhancement of the radial diffusion coef-
ficient and of the thermal conductivities. The ampli-
fication factor (compared to the classical coefficients)
is F2φ/G ≈ 1.469q2η−3/2. This is a pure geometrical
effect which goes to zero in the case of a straight mag-
netic field. In the long mean free path regime the diag-
onal diffusive transport coefficients strongly dominates
the classical and Pfirsch-Schlüter transport. It can also
be shown that the particle and heat fluxes due to the
diagonal transport are always directed outwards. Fur-
thermore, the ionic heat flux dominates the electronic
heat flux (as in the classical transport). The non diag-
onal transport coefficients Lee

13, Lee
31, Lei

13, Lie
31, Lei

33, Lie
33

are of the form

Leβ
rs = Ars

neρ
2
e0

τe

Tβ

|Zβ |Te
F2 φ leβ

rs (φ) . (81)

The presence of the cross coefficients Lee
13 implies that a

radial electron temperature gradient produces a radial
electron flux: the thermodiffusion effect or Soret effect
(directed inwards). The reciprocal effect is due to the
coefficient Lee

31 a radial pressure gradient produces a ra-
dial electron heat flux (electronic Dufour effect, directed
inwards). The remaining coefficients are new effects:
radial electron flux produced by a radial ion tempera-
ture gradient (inwards), radial electron heat flux pro-
duced by a radial ion temperature gradient (outwards),
radial ion heat flux produced by a radial pressure gra-
dient (ion Dufour effect, inwards) and radial ion heat
flux produced by a radial electron temperature gradi-
ent (outwards). The electrical conductivity LEE is in-
versely proportional to the collision frequency (different
behaviour compared to the diffusion coefficients), it has
no amplification factor and its banana contribution is,
as expected from the shape of the trajectory, negative.
Finally, we consider the electrical cross effects which
are of the form

Lα
rE = −ArnαcF φ lαrE(φ) . (82)

They are independent of the collision frequency. The
amplification factor, lower than for the diffusion coef-
ficients, is Fφ ≈ 1.469qη−1/2. These cross-coefficients
lead to effects which have no classical or Pfirsch-
Schlüter counterparts because of the decoupling of the
transport in the parallel direction:
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¦ a parallel electric field produces an inward radial
electron flux (taking into account the natural ambipo-
larity, also a radial ion flux). This effect is known as the
Ware-Galeev pinch effect [7]. It also produces outward
electron and ion heat fluxes (Ettingshausen effect).

¦ a parallel electric current is produced by a radial
ion heat flux, by a radial electron temperature gradient
and by a radial ion temperature gradient.

The limit φ → ∞ shows some peculiarity of the
neoclassical transport. Indeed, in this limit φle1E → 1,
φle3E → 0 and φlEE → −σ so that the total electric
conductivity produced by the diagonal transport coeffi-
cients vanishes. The electric conductivity is then driven
only by the radial pressure gradient (the Bootstrap cur-
rent [8]).

We have thus shown that the neoclassical transport
theory, which is now, quite well understood, is able to
bring to light very interesting effects associated with
the geometry of the confining device.
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