


an ideal gas γ = 5/3, and magnetic units have been
adopted where the magnetic permeability μ0 = 1.

B. 2D stationary equilibria

Determining solutions to the (still) nonlinear par-
tial differential equations is a formidable task. Restrict-
ing to essentially 2D solutions can be done by assuming
a certain symmetry, like translational or axi-symmetry.
It is then common to introduce a poloidal flux function
ψ to obey the solenoidal constraint on B and thus set

B = êz ×∇ψ +Bz êz, [translation]

B =
1

R
êϕ ×∇ψ +Bϕêϕ. [axisymmetry]

The translational case is in a Cartesian (x, y, z) coor-
dinate system, and for the axisymmetric case, we will
consistently use a right-handed system (R,Z, ϕ). For
nested flux surfaces where ψ = 0 is the magnetic axis,
the function ψ is directly measuring the poloidal flux
through a horizontal ribbon between the axis and the
flux surface ψ hence∫ ψ

ψ=0

Bp · dS ∝ ψ.

The equilibrium problem can then be reformulated as
a second order partial differential equation (PDE) for
ψ, which in essence describes the force balance across
flux surfaces (of constant ψ). Even then, the consistent
incorporation of a stationary flow vp in the ‘poloidal’
plane (x, y or R,Z) renders the problem mathemat-
ically complex. Indeed, depending on the (squared)
local poloidal Alfvén Mach number defined as M2 =
v2
p/v

2
A,p = ρv2

p/B
2
p, the flow can change character from

elliptic to hyperbolic [9, 10, 16]. We first discuss cases
where poloidal flows are neglected, such that the gov-
erning PDE is always elliptic.

III. THE STATIC AXISYMMETRIC CASE

When static (v = 0) solutions are sought, the prob-
lem becomes much more tractable, as we deal with
force balance alone. In the axisymmetric case ∂ϕ = 0,
we need to determine still 5 two-dimensional functions
ρ(R,Z), p(R,Z), BR(R,Z), BZ(R,Z), and Bϕ(R,Z).
Neglecting gravity, the density ρ is arbitrary, and the
equilibrium problem merely balances pressure gradients
with the Lorentz force, ∇p = (∇× B) × B. Similar to
the magnetic flux function ψ, a current stream function
I is introduced with J = ∇× B = − 1

R êϕ ×∇I + Jϕêϕ
(since also ∇ · J = 0). It is then easy to show that nec-
essarily the pressure p is p(ψ) and I(ψ) = RBϕ, and
the governing Grad-Shafranov equation for ψ reads

R
∂

∂R

(
1

R

∂ψ

∂R

)
+
∂2ψ

∂Z2
= −I

d I

dψ
−
d p

dψ
R2 = RJϕ.

This must be solved for ψ(R,Z) under a given p(ψ)
and I(ψ). The Grad-Shafranov PDE is always elliptic,
so that when formulated as a boundary value problem
it is mathematically well-posed and the solution will
reach its extremum on the boundary. In the context
of fusion-relevant plasmas, the task to reconstruct the
static MHD equilibrium configuration is to exploit the
freedom in p(ψ) and I(ψ) to match measured profiles
and/or global plasma parameters (like the total current
or average gas to magnetic pressure ratios, etc.).

An important flux function which can be computed
once a solution of the Grad-Shafranov equation is ob-
tained is the q(ψ) profile, which quantifies the change
in toroidal angle Δϕ traversed as a magnetic field line
wraps once around a full poloidal cross-section. Intro-
ducing poloidal polar coordinates (r, θ) centered on the
major radius R0 hence R = R0+r cos θ and Z = r sin θ,
field line trajectories are given by Rdϕ/Bϕ = d r/Br =
r dθ/Bθ = d l/Bp. Note that poloidal flux contours of

constant ψ(r, θ) have arc length dl =
√

(dr2 + r2dθ2).

The poloidal field is given by Bp =
√

(B2
r + B2

θ ) =√
(B2

R +B2
Z) =| ∇ψ | /R. Then

q(ψ) =
Δϕ

Δθ
=

1

2π

∫ 2π

0

(
Bϕr

RBθ

)
S

dθ,

where the integrand is evaluated on a constant flux sur-
face S (see e.g. [4]). This reworks to

q(ψ) =
I(ψ)

2π

∮
d l

R | ∇ψ |
=

1

2π

∮
Bϕ
RBp

d l.

The integral is now taken in the poloidal plane, along a
poloidal flux contour. This ‘safety factor’ profile plays
an important role for stability analysis.

A. Scaling for tokamak equilibria

When we want to determine a solution of the Grad-
Shafranov equation within a given fixed cross-sectional
boundary, taken to be a flux contour ψ = ψ1, it is
convenient computationally to exploit a scaling such
that both flux values and coordinates become of unit
range. For a tokamak with minor radius a and major
radius R0, the flux on the outer boundary ψ1, together
with the vacuum field B0 at R0, introduce

• a unit flux label ψ̄ = ψ/ψ1

• the ‘inverse flux’ parameter α ≡ a2B0/ψ1

• scaled poloidal coordinates (x, y) ≡ (R−R0

a , Za ).

When one also seperates the freedom in the arbitrary
flux functions in terms of a (relative) amplitude A (B)
and unit profile [5, 7], the core form of the Grad-
Shafranov equation becomes

∂2ψ̄

∂x2
−

ε

1 + εx

∂ψ̄

∂x
+
∂2ψ̄

∂y2
= A

[
Γ(ψ̄) +Bx(1 +

εx

2
)Π(ψ̄)

]
.
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