


where ναβ are the collision frequencies, and where
E(A) = −c−1∂tA(Y, t), the drift velocity is Vα

D =
(mαΩα)−1 b × (

mαU2
αb · ∇b + M∇B + eα∇Φ

)
, and

the parallel velocity is Uα = 2σmα
−1b

(E − eαΦ(Y) −
MB(Y)

)1/2
. Here we use the linearized form of the

Landau collision term: Lα is the pitch angle scattering
operator in GC variables:

Lα =
mα

B

(
Uα

∂

∂M
UαM

∂

∂M

)
, (7)

and Nα
‖ (E), a functional of the distribution functions,

are remainder parts of the collision operators.

A. Reference distribution function

We look for a quasi-stationary solution of (5). This
equation is multiplied by |Jα| ln f̄α

0 (Jα is the Jacobian
of the GC transformation) and integrated over the guid-
ing centre variables. Then, going back to particle coor-
dinates, the equation becomes

B · ∇
(

B−1

∫
dv v‖ (ln f̄α

0 − 1)fα
0

)

=
∫

dvKα
0 (f̄0, f̄0) ln f̄α

0 . (8)

This equation has the typical form of a magnetic differ-
ential equation (B · ∇ in the LHS). The left hand side
of (8) can be set to zero by a surface averaging (see
appendix I.A) leaving

<

∫
dv ln f̄α

0 Kα
0 (f̄0, f̄0) >= 0 , (9)

which by comparison with the H-theorem for the Lan-
dau equation leads to the conclusion that Kα

0 (f̄0, f̄0) =
0 and therefore that f̄0 is a maxwellian:

fα(q,v) =
(βα

π

)3/2
nα0(q) Φα(q,v) , (10)

with

βα(q) = mα/2Tα0(q) , (11)
Φα(q,v) = exp

(−βα|v − uα
0 (q)|2) . (12)

This distribution function must be a surface function
and must be independent of the gyrophase Φ. The only
way to satisfy both constraints is to have uα

0 = 0 and
to have nα0, Tα0 and Φ0, functions of ρ only, satisfying
the equations b ·∇nα0 = 0, b ·∇Tα0 = 0 and b ·∇Φ0 =
0. Instead of the kinetic energy E and the magnetic
moment, it might be useful to use the kinetic energy
scaled to the thermal energy (denoted x) and the ratio
of the magnetic moment to the kinetic energy (denoted
λ):

x =
E − eαΦE

Tα
, λ =

M

E − eαΦE
. (13)

The equilibrium distribution and the parallel velocity
then take a very simple form

fα
0 (x; ρ) =

(βα

π

)3/2
nα(ρ)e−x , (14)

Uα(x, λ; θ, ρ) = σβ−1/2
α

√
x
√

1 − λB(θ, ρ) , (15)

where σ is the sign of Uα. Clearly λ cannot exceed
B−1. There exists a λc below which the GC parallel
velocity never vanishes. This domain corresponds to
the passing trajectories. Above λc, the parallel velocity
vanish at the poloidal angle |θ∗|, the tips of the banana
orbit, where B(θ∗, ρ) = λ−1.

B. The drift kinetic equation

The neoclassical transport theory requires - in contrast
to the classical theory - the solution of the DKE (6).
Its solution can be obtained in two regimes: the long
mfp and the intermediate mfp regimes.

B.1 Long and short mean free path regime.

We assume the relaxation time is much longer than the
hydrodynamic time δ ≡ λ−1

H � 1. This small parame-
ter is used to further expand the distribution function
(superscripts between parentheses).

f̄α
1 = f̄

α(0)
1 + δ f̄

α(1)
1 + .... (16)

Because ∂/∂Y is of order τ−1
H , the two first orders in δ

of the DKE are

Uα · ∂

∂Y
f̄

α(0)
1 = −Vα

D · ∂

∂Y
f̄α
0 , (17)

Uα · ∂

∂Y
f̄

α(1)
1 = (ναe + ναi)Lαf̄

α(0)
1

+ UαMα(0)
‖ fα

0 ≡ σα , (18)

where the derivative of fα
0 with respect to E has been

performed leaving Mα(0)
‖ ≡ Nα(0)

‖ − TαE
(A)
‖ /eα.

• The zero-order equation is easily integrated. Use (3),
we get:

f̄
α(0)
1 (E ,M, θ, ρ) = −S

∂fα
0 (E ; ρ)
∂ρ

Uα(E ,M, θ, ρ)
Ωα(θ, ρ)

+ Ḡ
α(0)
1 (E ,M, ρ) . (19)

The unknown functions Ḡ
α(0)
1 are determined from the

solubility conditions of the first-order DKE.
• The first-order DKE is also a magnetic differential
equation. A solution f̄

α(1)
1 exists whenever the source

term σα of the equation satisfies < σα >= 0. Be-
cause σα depends on the parallel velocity whence on
θ, the passing and the trapped guiding centre trajecto-
ries have to be considered separately (subscripts P and
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T respectively). The study of the solubility constraint
leads to:

Ḡ
α(0)
1P = 2Vα(λ, ρ)

√
xGα(x, ρ)fα

0 (x, ρ) , (20)

and Ḡ
α(0)
1T = 0 in the NGC variables {x, λ}. The

functions Vα(λ, ρ) (the averaged parallel velocity) and
Gα(x, ρ) are respectively:

Vα =
σ

2
β−1/2

α B0

∫ λc

λ

dλ <
√

1 − λB(θ, ρ) >−1 , (21)

Gα = −Kα

lρ

τα

fα
0

∂fα
0

∂ρ
− mανα

B0
< BMα > , (22)

where σ = ±1 according to the sign of the parallel
velocity, B0 =< B2 >1/2 is the surface averaged mag-
netic field, Ωα0(ρ) = eαB0/(mαc) is the surface aver-
aged Larmor frequency, τα are the relaxation times and
Kα = S lρ/Ωα0 τα. The functions Gα are only known in
terms of Mα. The distribution function in NGC vari-
ables (keeping only the dominant contributions in the
ε and δ expansions) now reduces to:

f̄α(x, λ) =
β

1/2
α

2π
nα e−x

[
1 + χ̄

α(0)
I + χ̄

α(0)
IIP

]
, (23)

where the deviation to the maxwellian r is a sum of two
terms:

χ̄
α(0)
I (x, λ) =

Sβ
1/2
α

Ωα τα
lρUα(x, λ) × (24)

×
[
gα(1)

ρ − gα(1)A
ρ +

√
2
5
(
x − 5

2
)
gα(3)

ρ

]

χ̄
α(0)
IIP (x, λ) = 2Θ(λc − λ)

√
xVα(λ, ρ)Gα(x, ρ). (25)

Here the Heaviside function Θ(λc−λ) is non zero in the
passing domain. The deviation from the maxwellian
can now be expanded either in irreducible tenso-
rial Hermite polynomials (in the GC coordinates) or
in Laguerre-Sonine polynomials (in the NGC coordi-
nates). The two expansions are inter-related since the
expansion of the total deviation χα defined by

χ̂α(x) ≡ 1
8π

B
∑

σ

∫ B−1

0

dλ

∫ 2π

0

dφ σχα(x, λ, φ;σ)

=
√

x
∑
m

aα
mL3/2

m , (26)

gives h
α(2n+1)
‖ =

√
3 aα

n. Using the Laguerre-Sonine ex-
pansion, the parallel components of the vectorial mo-
ments are easily obtained. With the decomposition
h

α(2n+1)
‖ = h

α(2n+1)
‖ I + h

α(2n+1)
‖ IIP , on the one hand, we

have

h
α(1)
‖ I =

B0

B
Kα(gα(1)

ρ − gα(1)A
ρ ), h

α(3)
‖ I =

B0

B
Kαgα(3)

ρ (27)

which are completely determined since they depend
only on the thermodynamic sources and, on the other
hand, using the truncated Laguerre-Sonine expansion
of Gα(x):

Gα(x) = aα
0 II L

3/2
0 (x) + aα

1 II L
3/2
1 (x) , (28)

we have (n = 0, 1):

h
α(2n+1)
‖ IIP = 2

√
2
3

(
Tα

mα

)1/2
B

B0
fP aα

n II , (29)

where

fP =
3
4
B2

0

∫ λc

0

dλλ <
√

1 − λB >−1 (30)

(fP = 1 in the case of a straight field). Hirshman and
Sigmar [3] called fP the fraction of passing particles.

The neoclassical theory of transport does not re-
quires the complete solution f

α(1)
1 of the first order

DKE. Only the following quantities are needed:

< B · (∇hα(2)) >=
1√
2

<

∫
dv v2

‖ ξ̄
α(1)
1 > , (31)

< B · (∇h̄α(4)) >=<

∫
dv v2

‖
(
βαv2 − 5

2
)
ξ̄

α(1)
1 > , (32)

where ξ̄
α(1)
1 = (2βα/nα)B · ∇f

α(1)
1 .

Remarkably, using the expansion of Gα(x) given in (28),
they reduce to:

< B · (∇ · hα(2)) >= Z ′
√

1
3
[
μα

11a
α
0 II + μα

13a
α
1 II

]
,

< B · (∇ · h̄α(4)) >= Z ′
√

5
3
[
μα

31a
α
0 II + μα

33a
α
1 II

]
, (33)

with Z ′ = 2B0φfP /τα. The quantity denoted φ is called
the neoclassical factor and is defined by

φ = (1 − fP )/fP . (34)

It is zero for a straight field and is otherwise positive.
It will appear that all the neoclassical transport coeffi-
cients are proportional to φ (using the standard mag-
netic field model, fP ≈ 1 − 1.469

√
η and φ ≈ 1.469

√
η

where η = r/R0). The pseudo-viscosity coefficients are
μi

11 = 0.5328, μi
13 = −0.3953, μi

33 = 0.5543, μe
11 =

1+μi
11/Z, μe

13 = −0.9487+μi
13/Z, μe

33 = −1.3−μi
33/Z.

B.2 Intermediate mean free path regime.

In the intermediate mean free path regime, the colli-
sions may balance the free streaming term already in
the leading order in (6). In this regime the DKE can
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