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where v*? are the collision frequencies, and where
EW = —¢19,A(Y,t), the drift velocity is V¢ =
(mafa) b x (maUgb -Vb + MVB + eaVCI))7 and
the parallel velocity is U, = 2Uma_1b(5 —ea®(Y) —
MB(Y))I/Q. Here we use the linearized form of the
Landau collision term: £ is the pitch angle scattering
operator in GC variables:

M 0 0
5 WegnpUaMgpr), (7)
and ./\/l"l(é' ), a functional of the distribution functions,

are remainder parts of the collision operators.

Lo =

A. Reference distribution function

We look for a quasi-stationary solution of (5). This
equation is multiplied by |J,|In f§ (J, is the Jacobian
of the GC transformation) and integrated over the guid-
ing centre variables. Then, going back to particle coor-
dinates, the equation becomes

B. V<B—1 /dva (In f§ — 1)fg>
- [avistdymis. ®

This equation has the typical form of a magnetic differ-
ential equation (B -V in the LHS). The left hand side
of (8) can be set to zero by a surface averaging (see
appendix I.A) leaving

< [ dvin f5Ks o o) =0, (9)

which by comparison with the H-theorem for the Lan-
dau equation leads to the conclusion that g (fo, fo) =
0 and therefore that fj is a maxwellian:

@)= ()P np@a@v),  (0)

with
Ba(q) = ma/2Ta0(q)7 (11)
®%(q.v) = exp(—falv-uf(@l). (12)

This distribution function must be a surface function
and must be independent of the gyrophase ®. The only
way to satisfy both constraints is to have uf = 0 and
to have n,g, Too and @g, functions of p only, satisfying
the equations b-Vn,g =0,b-VIy, =0and b- V&, =
0. Instead of the kinetic energy £ and the magnetic
moment, it might be useful to use the kinetic energy
scaled to the thermal energy (denoted x) and the ratio
of the magnetic moment to the kinetic energy (denoted
A):
E— (Y @E M
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The equilibrium distribution and the parallel velocity
then take a very simple form

B = (S rape,
Ualz,\;0,p) = o852z /1—AB(6,p), (15

where o is the sign of U,. Clearly A cannot exceed
B~!. There exists a \. below which the GC parallel
velocity never vanishes. This domain corresponds to
the passing trajectories. Above A., the parallel velocity
vanish at the poloidal angle |.], the tips of the banana
orbit, where B(f,,p) = A71.

B. The drift kinetic equation

The neoclassical transport theory requires - in contrast
to the classical theory - the solution of the DKE (6).
Its solution can be obtained in two regimes: the long
mfp and the intermediate mfp regimes.

B.1 Long and short mean free path regime.

We assume the relaxation time is much longer than the
hydrodynamic time § = )\;11 < 1. This small parame-
ter is used to further expand the distribution function
(superscripts between parentheses).

Fo=fO psp®y (16)

Because 0/9Y is of order 75", the two first orders in &
of the DKE are

9 Fa(0) e 9 ro

Yorgyhn = “Vbgyli. (0
0 e} i Fo

Ua . 5y 1 (1) — (Voze 4 Vaz)cafl (0)

+ UaMOfs =0, (18)

where the derivative of f§* with respect to £ has been
performed leaving Mﬁ‘(o) = J\/‘r(o) - TaEl(‘A)/ea.

e The zero-order equation is easily integrated. Use (3),
we get:

dp Qa(0,p)
+ GYOEM,p). (19)

PO e M 0,p) =

The unknown functions G’T‘(O) are determined from the
solubility conditions of the first-order DKE.

e The first-order DKE is also a magnetic differential
equation. A solution fla (1) exists whenever the source
term o of the equation satisfies < 0“ >= 0. Be-
cause 0% depends on the parallel velocity whence on
0, the passing and the trapped guiding centre trajecto-
ries have to be considered separately (subscripts P and
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T respectively). The study of the solubility constraint
leads to:

G = 2Va (A p) VI G (2, p) £ (2, p) (20)

and G?}O) = 0 in the NGC variables {x,\}. The
functions V,, (A, p) (the averaged parallel velocity) and
G%(x, p) are respectively:

Ac
Vo = %ﬁ;l/QBO/ d\ <\/1=2B(0.p) >, (21)
A

’Ca Ta af(? MaVa
I, I& dp By

where ¢ = £1 according to the sign of the parallel
velocity, By =< B? >'/2 is the surface averaged mag-
netic field, Qu0(p) = eaBo/(Mmac) is the surface aver-
aged Larmor frequency, 7, are the relaxation times and
Ko = 8S1,/Q%0 Ta. The functions G, are only known in
terms of M,. The distribution function in NGC vari-
ables (keeping only the dominant contributions in the
e and § expansions) now reduces to:

< BM, >, (22)

1/2
—a(0)

Fo@ ) = T+ Ry, (23)

where the deviation to the maxwellian r is a sum of two
terms:

g 51/2
Qo Ta

2 5
a(l a(l)A a3
gp() gp() +\/g(x_2)gp():|

G @A) = 20(A = AWaVa(A p)G® (z,p). (25)

Here the Heaviside function © (A, — A) is non zero in the
passing domain. The deviation from the maxwellian
can now be expanded either in irreducible tenso-
rial Hermite polynomials (in the GC coordinates) or
in Laguerre-Sonine polynomials (in the NGC coordi-
nates). The two expansions are inter-related since the
expansion of the total deviation x* defined by

O, )

1,Ua(z, ) X (24)

X

1 B! 27
W = gBY [ [ wec@aso
0
= \/EzamL%2 ’ (26)
. a(2n+1) @ . .
gives h” =3 a%. Using the Laguerre-Sonine ex-

pansion, the parallel components of the vectorial mo-

ments are easily obtained. With the decomposition
hﬁ‘(znﬂ = hﬁ‘(lznﬂ) + hﬁ‘(fﬁjl) on the one hand, we

have

ha(l) _ BOK ( a(1)

@ e B @
i1 _gp(l)A)’ h (3) OIC (3 (27)

I
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which are completely determined since they depend
only on the thermodynamic sources and, on the other
hand, using the truncated Laguerre-Sonine expansion

of G*(x):
G%z) = agys Lg/z(x) +afrr LS/Q( ), (28)

we have (n =0,1):

2 (T, \'* B
h“(2"+1):2\[ ) Zfpa® 29
| 11P 3 \m., BOfPanH» (29)

where
3 Ae
fr= 1zs:‘g/ dA\X <V1-AB>"! (30)
0

(fp =1 in the case of a straight field). Hirshman and
Sigmar [3] called fp the fraction of passing particles.

The neoclassical theory of transport does not re-
quires the complete solution f;" M) of the first order
DKE. Only the following quantities are needed:

a 1 a
B (Vh*®) >= 7 < /dvv”§ W 31

B (Vh*®W) >=< /dv vﬁ (Bav® — g) 5;‘(1) >, (32)

where £} o) = = (204/nq)B - Vfl
Remarkably, using the expansion of QO‘ (z) given in (28),
they reduce to:

(e} 1 o o « «
<B-(V-h (2)) >= Z/\/;[Mllao 11 1 B30y H} )

_ 5
B-(V-h (4)) >= ZI[[NSlaolI + p33a9 II} (33)

with 2’ = 2By¢ fp /7. The quantity denoted ¢ is called
the neoclassical factor and is defined by

¢=0—-fp)/fp. (34)

It is zero for a straight field and is otherwise positive.
It will appear that all the neoclassical transport coeffi-
cients are proportional to ¢ (using the standard mag-
netic field model, fp ~ 1 —1.469,/7 and ¢ ~ 1.469,/7
where n = r/Rg). The pseudo-viscosity coefficients are
piy = 05328, piy = —0.3953, uly = 0.5543, u§, =
L+piy/Z, pis = —0.9487+ i3/ Z, sz = —1.3— pis/Z.

B.2 Intermediate mean free path regime.

In the intermediate mean free path regime, the colli-
sions may balance the free streaming term already in
the leading order in (6). In this regime the DKE can
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